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HARDY SPACES, BMO, AND BOUNDARY VALUE PROBLEMS
FOR THE LAPLACIAN ON A SMOOTH DOMAIN IN RV

DER-CHEN CHANG, GALIA DAFNI, AND ELIAS M. STEIN

ABSTRACT. We study two different local HP spaces, 0 < p < 1, on a smooth
domain in R”, by means of maximal functions and atomic decomposition. We
prove the regularity in these spaces, as well as in the corresponding dual BMO
spaces, of the Dirichlet and Neumann problems for the Laplacian.

0. INTRODUCTION

Let Q be a bounded domain in R", with smooth boundary. The LP regularity
of elliptic boundary value problems on 2, for 1 < p < oo, is a classical result in
the theory of partial differential equations (see e.g. [ADN]). In the situation of the
whole space without boundary, i.e. where (2 is replaced by R"™, the results for L7,
1 < p < o0, extend to the Hardy spaces HP when 0 < p < 1 and to BMO. Thus
it is a natural question to ask whether the LP regularity of elliptic boundary value
problems on a domain €2 has an H? and BMO analogue, and what are the H? and
BMO spaces for which it holds.

This question was previously studied in [CKS], where partial results were ob-
tained and were framed in terms of a pair of spaces, h2(€Q2) and h2(2). These spaces,
variants of those defined in [M] and [JSW], are, roughly speaking, the “largest” and
“smallest” hP spaces that can be associated to a domain (2.

Our purpose here is to substantially extend the previous results by determining
those h? spaces on €) which are particularly applicable to boundary value problems.
These spaces allow one to prove sharp results (preservation of the appropriate hP
spaces) for all values of p, 0 < p < 1, as well as the preservation of corresponding
spaces of BMO functions.

0.1. Motivation and statement of results. There are two approaches to defin-
ing the appropriate Hardy spaces on 2. Recall that the spaces HP(R"™), for p < 1,
are spaces of distributions. Thus one approach is to look at the problem from the
point of view of distributions on €. If we denote by D(2) the space of smooth
functions with compact support in £, and by D'(Q2) its dual, we can consider the
space of distributions in D’(2) which are the restriction to Q of distributions in
HP(R"™) (or in h?(R™), the local Hardy spaces defined in [G].) These spaces were
studied in [M] (for arbitrary open sets) and in [CKS] (for Lipschitz domains), where
they were denoted hP(Q2) (the r stands for “restriction”.)

While one is able to prove regularity results for the Dirichlet problem for these
spaces when p is near 1 (see [CKS]), these spaces are no longer appropriate when p
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is small, nor for the Neumann problem. This is illustrated for the Dirichlet problem
by the following example. Let = be a point on 02, and denote by f the distribution
which is the normal derivative of the delta function at z. Such a distribution is in
the local Hardy space h?(R™) when p < 1. Furthermore, it is possible to take a
sequence of L? functions a; (if fact A2 atoms) such that a; — f as distributions.
Since f vanishes on Q, this means a; — 0 in D’(2). Now consider the Dirichlet
problem for the Laplacian on €2, defined for smooth functions ¢ by

Au = @ on €,
u =0 on 0N.

Let G be Green’s operator for the Dirichlet problem, i.e. u = G(y). By the L?
theory, we can solve this problem for each a;, and since G is self-adjoint, we have,
for every ¢ € D(12),

(Glag), ) = {1, G() — =GPl

as j — oo. Note that for the Dirichlet problem, the normal derivative of the solution
need not vanish on the boundary. Thus as distributions in D’(2), G(a;) # 0. This
shows that the problem is not well-defined in D’(Q2). In essence, this is because
the space of test functions, D(2), is not preserved by the solution of the Dirichlet
problem.

To remedy this situation, and define a space of distributions appropriate to the
Dirichlet problem, we change our space of test functions from D(Q) to C°(Q),
consisting of functions ¢ € C*(Q) with ¢|aq = 0 (the d stands for Dirichlet). Note
that this space is preserved under the solution to the Dirichlet problem. Thus if we
let C3°'(Q) be the dual space, we can define the solution to the Dirichlet problem
for an element f of C3°'(Q2) in the sense of distributions. Moreover, if f happens to
be a function which is smooth up to the boundary, or a function in LP, this solution
agrees with G(f).

We then define the Hardy spaces h5(Q) to consist of those elements of C5°'(Q)
satisfying the expected maximal function conditions; here the maximal functions
are fashioned out of test functions taken from C3°(2). For these spaces we get the
following regularity result:

Result 0.1. The operators %, defined in the sense of distributions, are bounded
from h(Y) to WE(Q), for all p, 0 <p < 1.

This is proved by means of an atomic decomposition for elements of h%(€),
where atoms supported near the boundary are required to satisfy fewer cancella-
tion conditions than those supported away from the boundary. From this atomic
decomposition it can be seen that hf(Q) is the same as h2(£2) when s <p<L
hence the regularity result is an extension to small p of the h2(€2) regularity result
in [CKS].

A second approach to defining Hardy spaces on §2 is to consider the closure of
Q, ©, and the distributions in h?(R™) which are supported on Q. We shall call the
spaces formed by these distributions h2(f2), where the z denotes the fact that these
distributions are zero outside Q. These spaces are the same as those defined in
[JSW] (for certain closed sets). A variant of these spaces, hZ(Q), formed by taking

a quotient of A2(Q) in order to make it a subspace of D'(Q2), was defined in [CKS]
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(for Lipschitz domains). By the same reasoning used in the example above, one
sees that this quotient space is not appropriate for small p because it eliminates all
distributions supported on the boundary.

The spaces h?(Q) are useful because elements of h2(Q) have an atomic decom-
position into hP atoms supported in Q. Moreover, they are applicable to both the
Dirichlet and Neumann problems. Using the atomic decomposition, we can define

feate] oate] C :
the operators B 01 and D201 (where G is the solution operator of the Neumann

problem for the Laplacian) on h2(Q), and prove the following regularity result:

Result 0.2. The operators agjg;zl and agjg;zl extend to bounded operators from

hE(Q) to h2(Q), for all 0 < p < 1.

A weaker version of this result, namely the boundedness from h2(2) to h2(Q),
is in [CKS]. Note, however, that while the proof given there is valid for atoms, it
does not hold for the quotient space h2(€2), since the quotient space norm may be
much smaller than the one given by the atomic decomposition.

Once we have the appropriate definitions and regularity results for the H? spaces,
when p = 1, we can consider the corresponding dual BMO spaces. In this case, the
dual spaces to h}(Q) and hl(Q) are the spaces bmo, () and bmo, (), defined in
[M], [JSW] and [C]. Using some additional arguments, one can convert the h} and
hl regularity results to the following:

3G

Result 0.3. The operators 5= are bounded on bmo.(2) and on bmo,(Q2). Fur-
thermore, the operators % are bounded on bmo,(£2).

We should remark that while the results in this paper are stated only for the
Laplacian, one can generalize the proofs to any second order elliptic operator, given
that the same kind of estimates hold for the various Green’s operators.

0.2. Organization of the paper. In Section 1, we define the spaces h%(2) and
h2(QY). The atomic decompositions for these spaces are given in Section 2. The
proof of the atomic decomposition for h%(€2) uses the maximal function definition
and follows the lines of the proof given in [S2] of the atomic decomposition for
HP(R™).

In Section 3 we prove the hf regularity of the Dirichlet problem, and in Section 4
we prove the h® regularity of the Dirichlet and Neumann problems. Besides the
atomic decompositions, the proofs of both results make use of the Sobolev estimates
for G and G, and some Calderén-Zygmund type estimates on the kernels of these
operators and their derivatives.

Section 5 contains a different proof of the regularity results when p = 1, which
gives the atomic decomposition directly from a cancellation property inside the
domain, without using the maximal function. We then use the h! regularity to prove
the bmo regularity. This requires an additional argument involving commutations
of vector fields with the Green’s operators G and G.

In the last section we turn from regularity problems to some more analysis of the
Hardy spaces themselves. The results in Section 6 illustrate the various relations
among the spaces hf (), h2($2), and the spaces h2(Q2) and h?(Q) defined in [CKS].
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1. DEFINITION OF SPACES

Let ©Q be a bounded domain in R™ with smooth boundary. In this section we
will define two Hardy spaces on (2.

We first recall the definition of the local Hardy spaces h?(R'™), introduced by
Goldberg (see [G]). One can define these spaces by means of a “grand” maximal
function. We call a smooth function ¢ on R™ a normalized bump function if it is
supported in a ball B of radius R, and

|8o¢¢| < R—n—\a|

for all |a| < N, + 1. Here N, = [n(1/p — 1)], the greatest non-negative integer in
n(l/p—1).
Definition 1.1. For f € S'(R"), define the local grand maximal function m(f) at
a point z € R" by

m(f)(x) = sup [{f, )],
where the supremum is taken over all normalized bump functions supported in balls
of radii R < 1 containing x.

For 0 < p < oo, the space h?(R™) is defined as the space of tempered distribu-
tions f € §'(R™) for which m(f) € LP(R"™), with

def
I fllnr@mny = I ()l Lrre)-

We now restrict ourselves to p < 1, and consider a subspace of h?(R"™) specific
to Q.

Definition 1.2. For 0 < p < 1, the space h2(2) is defined to be the subspace of
h?(R™) consisting of those elements which are supported on €, i.e.

hE(Q) ={f€hP(R"): f=00n R"\ Q},

with
def
[fllne@y = I1f1lhe@n)-
Remarks. 1. This is a special case of the space h?(F') considered in [JSW] for a
closed “d-set” F satisfying the Markov property (here F' =), d = n and p is
just the restriction of Lebesgue measure to §2).
2. For p < 1, this is not the same as the space h2(f2) introduced in [CKS], since
that space is the quotient space

hE(Q) = hE(Q)/{f € WZ(Q) : f =0 on Q},

consisting of those distributions on 2 which have extensions to elements of
h2(€2). See Section 6 for more discussion of this space.

3. Following the maximal function definition of hP(R™), one can also define
h2(2) by means of a grand maximal function (see [JSW], for example). In
that case, the space of test functions is C*°(f2), i.e. smooth functions up to the
boundary, and the elements of h?(Q) can be considered as linear functionals

on that space.

For the second space, hZ(ﬁ), we want to restrict our space of test functions to

those smooth functions on © which vanish on 9. Denoting this space by C5°(Q),
we have

CE(Q) ={p e C=(Q) : loa = 0}.



HARDY SPACES, BMO, AND BOUNDARY VALUE PROBLEMS 1609

We take the topology of C3°(2) to be that inherited from C>°(f2), and let C3*'(2)
denote the dual space.

We call a function ¢ € C3° a normalized C3° bump function if it is the restriction
to Q of a normalized bump function ¢ on R", with ¢|sq = 0.

Definition 1.3. For f € C5°'(Q2), define the maximal function mgy(f) at a point
in Q by
ma(f)(x) = sup [{f, )],
where the supremum is taken over all normalized C3° bump functions supported in
balls of radii R < 1 containing x.
For 0 < p <1, set

hg(Q) = {f € CZ'(Q) - ma(f) € LP(Q)},

and for f € h5(Q),
def

1z = [Ima(H)llLe)-

Remarks. 1. In the definition of the maximal function mg, we could have taken
the supremum over all normalized C3° bump functions supported in balls
of radii R < 4, for some fixed § > 0. This new maximal function, mJ, is
equivalent to mg in the sense that they define the same space hf), although
the norms differ by a constant depending on §.

2. Convergence in the “h%(Q)-norm” implies convergence in C5*’(£2). To see this,
it suffices to show that for f € h5(Q) and ¢ € C°(Q?),

[(Fro)l < Collfllnn ey

where the constant may depend on ¢ but not on f.

2. ATOMIC DECOMPOSITION

We want to have a characterization of our spaces by means of atomic decompo-
sition. We begin by giving a variant of the definition of atoms for the local Hardy
spaces h?(R™).

Notation. In what follows, the word “cube” shall mean a cube with sides parallel
to the axes, and if A is a constant, AQ shall denote the dilated cube, meaning the
cube with the same center as Q with sidelength multiplied by A.

Definition 2.1. Let 0 <p <1, N, = [n(l/p—1)],and v, = (N, +1)/n+1—-1/p.
A function a will be called an h?(R™) atom if it is supported in a cube @ C R"
and satisfies the size condition

(2.1) lalloe < 1Q77,
and, when |Q| < 1, the approximate moment conditions
(2.2) ’/a(x)(ac —xg)%dz| <|Q|”

for all multi-indices o with || < N,,. Here z¢ is the center of the cube Q.

Remarks. 1. Atoms supported in cubes Q with |Q| < 1 and satisfying zero mo-
ment conditions up to order N, (i.e. h” atoms as defined in [G]) satisfy
conditions 2.2 trivially for || < N,. Conversely, as shown in [D], an atom a
which satisfies conditions 2.2 for any v > 0 (not necessarily v,) is in h?(R"™)
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with |la||p» < C,. Thus a distribution f € S’'(R"™) is in h?(R") if for some
v > 0 it can be decomposed as Y Aja;, where Y |[\;[? < oo and the a; are
atoms satisfying conditions 2.2 for that v. This shows that the atomic spaces
corresponding to different choices of v in conditions 2.2 are in fact all equiva-
lent to hP(R™), except for the dependence of the norm on v. As will be seen
below, it is most convenient to take v = v, = (N, +1)/n —1/p+ 1.

. Due to the choice of v, the size condition for an h?(R™) atom a automatically

gives conditions 2.2 for moments of order |a| = N, + 1, since

/a(:c)(a: —zg)%dx

By expanding any 1 € C* in a Taylor expansion of order IV, around zq, we
can use conditions 2.2 to get

/a(x)@/}(x)dx

< (diam(Q))Np+l|Q|_l/p+l — On,p|Q|Vp'

< Cplltllemvetr )l QI™,

where

1
||¢||CN(Q): Z Sup —x

b
iz eee lof

[ (@)|.

Requiring this for all ¥ € C* is in fact equivalent to the moment condi-
tions 2.2.

. Remark 2 show that the conditions imposed on an atom a are invariant under

a smooth change of coordinates, in the following sense: if we make a smooth
change of variables y = ®(z), set a(y) = a(®~1(y)), and let Q be the smallest
cube containing ®(Q), we have

)l < CalGI
and
[t - v a| < ol

where the constant Cy depends on ® and its derivatives up to order N, + 1.
This follows from Remark 2 by letting ¢ (z) = (®(z) — y5)*|Jo(z)|.

We now define some atoms specific to the domain Q. First:

Definition 2.2. An h? atom is an h?(R") atom supported in a cube Q C Q.

Next, we turn to h% atoms and define two types of atoms, depending on the
position of their supporting cubes with respect to the domain. This definition uses
some constants arising from the geometry of the domain.

Definition 2.3. Let Aq, Bg, and Cq be constants, with Ag > 1, Bg > 0, and
Cq > 0.
A cube will be called a type (a) cube if the dilated cube AqQ is contained in .
A function a will be called a type (a) A} atom if it is an h?(R"™) atom supported

in a type (a) cube, with the modification that it need only satisfy the approximate
moment conditions 2.2 when |Q| < Cq.
A cube will be called a type (b) cube if

AqQ N oA # 0,
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but
QN Q> BolQ|.
A function a will be called a type (b) h% atom if it is supported in a type (b)

cube, satisfies the size condition 2.1, and, when |Q| < Cq, the approximate moment
conditions

(2.3) ‘ / a(2)(x)dz

for all ¥ € C3°(9).

S ||7/’||CNP+1(Q)|Q|UPa

Remarks. 1. The conditions on a type (a) cube guarantee that the cube is “far
away” from the boundary, relative to its size. Thus type (a) k!, atoms will
be invariant under diffeomorphisms of €2, in the sense of the remarks above,
with the possible change of the constants Ag and Cgq.

If in addition the diffeomorphism can be extended to a neighborhood of
Q, then type (b) hY atoms will also be invariant, again up to a change of
constants.

2. The conditions on a type (b) cube guarantee that the cube is “near” the
boundary relative to its size, and that a significant portion of the cube is
inside the domain. We do not require that the cube be completely included
in the domain because we want to allow type (b) A% atoms to be supported up
to the boundary; hence their supporting cubes cannot be inside the domain
unless the boundary is flat and parallel to the axes. We will see, however,
that we can assume this locally under an appropriate change of variables.

3. Using the constants Bq and Cq, one may define a modified version of h?
atoms. We will call a function a a modified h? atom if it is supported in a
cube Q with |QN Q| > Bq|Q|, satisfies the size condition 2.1, and satisfies the
approximate moment conditions 2.2 when |Q] < Cq. In fact, this is exactly
a type (a) or a type (b) A% atom with full moment conditions. Unlike the
standard h? atoms, these atoms are invariant under a diffeomorphism of Q,
up to a change of constants.

Note that the atoms we have defined indeed belong to the appropriate spaces,
with uniformly bounded norms. This is obviously true for A2 atoms (including the
modified version), since they are in h?(R"™) with bounded norm, and vanish outside
Q.

For hl, atoms, we have the following
Lemma 2.4. If a is an h, atom (of either type), then a € h(2) and
lallpr@ = lma(a)llze@) < Cp,
where Cy, is independent of a.

The proof follows the standard arguments and so is omitted.
We now recall the atomic decomposition in hZ(€2).

Theorem 2.5 ([JSW], [CKS]). Let 2 be a bounded domain in R™, with C*> bound-

ary, and 0 < p < 1. A distribution f € S'(R™) is in h2(Q) if and only if it has a

decomposition
F=> ha
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in §'(R™), where the a; are h? atoms and the \; are complex numbers satisfying

Z |)\[|p < 0.
171, = inf (3 7)),

where the infimum is taken over all such decompositions, and the constants of pro-
portionality are independent of f.

Remarks. 1. Jonsson, Sjogren, and Wallin (see [JSW], Theorems 3.1 and 3.2)
prove this decomposition in the case of a closed “d-set” F' in R"™ satisfying
the Markov property (see Remark 1 following Definition 1.2). In their proof,
the h? atoms are actually the modified h? atoms (see Remark 3 above), i.e.
they are supported in F', and their supports are contained in balls with centers
in F', but the balls need not be contained in F.

2. In ([CKS], Theorem 3.2), this decomposition is stated for a bounded Lipschitz
domain 2, not for the space h2(Q2), but for the quotient space h2(Q2), without
the bounds on the norms. However, the proof (via the square function) only
assumes that f € hP(R™) and f is supported in €, so it in fact holds for
f € h2(Q), and in that case one gets the bounds on the norms by noting
that the h2(Q) norm of f is the same as its h?(R™) norm, which bounds

the LP norm of the square function, and which in turn bounds (3 |)\l|p)1/ P,
Moreover, by a slight modification of their argument it can be shown that all
the atoms may be taken to be of type (a), i.e. with support @ such that AqQ
is still in Q. It should be added that at the time the paper [CKS] was written,
the authors were unfortunately unaware of the earlier work of [JSW].

Furthermore,

We are now ready to state the main result of this section.

Theorem 2.6. Let Q) be a bounded domain in R"™, with C*° boundary. Then there
are constants Aq, Bq, and Cq (as in Definition 2.3) such that the following holds:
A distribution f € C5°'(Q) is in h5(QY) if and only if it has a decomposition

f= Z)\lal +Z,umam

in C°', where the first sum is taken over type () Y, atoms, the second sum is taken
over type (b) hl atoms, and \i, pn, are complex numbers satisfying

ST A |pm]” < 0.
1718, = inf (32 NP+ D )

where the infimum is taken over all such decompositions, and the constants of pro-
portionality are independent of f.

Furthermore,

Proof. The easy part of the proof is the “if” part, that is, assuming f has such a
decomposition in C5°(€2). For then, if the sum is finite,

(fr0) =D Mla, @) + > pmlam, o)

for all normalized C3° bump functions ¢, and so

ma(f)(x) <D [Nilmala) (@) + Y || malam) (@);
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hence
Hmd(f)HIL),P(Q) = Z |/\l|p||md(al)||ip(g) + Z |Mm|p”md(am)”ip(9)

cr (oI + 3 luml?)

by the lemma. This gives the convergence of the sum in the A% norm, and so
f e hn(Q).

As for the “only if” part, let us first state the result for a special case. We will
then use this to prove the general case.

AN

IN

Lemma 2.7. Let D be a smoothly bounded domain contained in the upper half-
space R and containing the open upper half-ball B4 (0,10) = B(0,10) "R'. Sup-
pose f € hg(ﬁ) and f is supported in B(0,1). Then f has a decomposition

f= Z/\iai

in ijo/(ﬁ). Here the \; are complex numbers satisfying

il T2y < SN < CollFI2, o

for some constants Cy and Cs depending only on p, and the a; are as follows.
Each a; is a function supported in a cube Q; which is contained in the half-open
upper half-ball B(0,3) N R, and

laillse < [1Qill 717

Furthermore, there exists a constant C,, (depending only on the dimension) such
that when |Q;| < Cy, a; satisfies the following cancellation conditions. If 2Q; C
R, then

/ a;(z)z“dz =0

i

for all monomials x of degree |a| < N,. If 2Q; N OR! # 0, then

/ ai(x)x*dxr =0

i

for all monomials x* of degree |a| < N, with a,, > 1.

Assuming the lemma, we continue with the proof of Theorem 2.6.

We take a partition of unity for Q as follows. Let M5, j = 0,...,k, be C
functions, >~ n; =1 on Q. For j = 0, 9 has compact support in Q. For 1 < j < k,
n; has compact support inside an open set U; with U; N9Q # (). Furthermore, each
Uj is contained in a larger open set V; such that there is a C*° diffeomorphism ®;
between V; and the ball B(0, 10) which maps V;N onto B (0,10) = B(0,10)NR,
V; N oS into OR'}, and Uj into B(0, 1).

Write f = (n,f). Consider first j = 0. Set

§ = 3 dist (supp (). 99,

and let m% be the local grand maximal function defined as in Definition 1.1 but
with bump functions supported in balls of diameter bounded by §. Notice that
nof €S, and

m®(nof)(z) =0
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for z & Q. For xz € Q,
m’ (no f)(x) < Comal(f)(),
where the constant Cy only depends on the derivatives of 19 up to order N, + 1.
Thus
Im® (o )| ey < Collma(f)ll o) < o,

so nof € h?(R™).

Since the support of m®(ngf) lies inside ©, and at least distance § from the
boundary, we can get an atomic decomposition

nf =Y Niai,
where a; are h?(R™) atoms supported in cubes @Q; C Q with dist(Q;, 9Q) > ¢ for
all i. If 2Q; C Q, then q; is a type (a) hf atom. If 2Q; N IQ # 0, then q; is a
type (b) hf atom because a; satisfies the size condition and, when |Q| < 1, the full
moment conditions a; satisfies as an h?(R™) atom imply

‘ / 0:(2) () d

for all ¢ € C* (see Remark 2 following Definition 2.1,) hence for all ¢ € C3°(9Q).

Now fix j, 1 < j < k, and write 7 for n;, U for U;, V = V;, and ® = ®;. Let
7 =no® 1. Then 7 is a C> function supported in B(0,1). Note that if ¢ is a
C* function supported in B (0,10) and p|orr = 0, then p o ® € C3°(12). Define g
acting on such ¢ by

< [lellensrig) Qs

(9,0) = (nf,p0 @) = (f, (1) 0 ).

If o is supported outside B(0, 1), this gives 0. Thus we can extend g to act on any
¢ € C3°(D) by setting it to be zero on D\ B(0,1). The continuity of f implies that
of g, so g € C3'(D) and g is supported in B(0, 1).

In order to use the lemma, we want to show g € k(D). So suppose = € B(0, 10)
and ¢f is the restriction to R’} of a normalized C*° bump function, supported in a
ball radius ¢ < 1 containing z, and vanishing on OR"}. Then ¢ = (1¢¥)o® € C3°(Q)
and is supported in a ball of radius § containing ®~*(z), where § depends only on
®. We can write ¢ as a constant multiple of a normalized C7° bump function
supported in a ball of radius J, the constant depending only on 1 and ®. Thus

g, 00) = 1{f,9)] < Cmi(f) (@ (),
so by Remark 1 following Definition 1.3,

lma(g)llLepy < Cllma(f)llLr ),

and g € hl(D).
Thus g satisfies the hypotheses of Lemma 2.7, and we get a decomposition

g = Z)\iai.

Let a; = a; o @, and let @ be the smallest cube containing ®~1(Q;), where Q; is
the cube in which a; is supported. We want to show that the a; are multiples of
either type (a) or type (b) atoms.

Since the a; satisfy the size condition, we get that

I@illoe = llailloe < 1Qi| 77 < Ca.0]Qil /7.
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Since the @, are all contained in B4 (0, 3), the constant Cg o only depends on the
bounds on the derivatives of ® in a compact set, as well as on the geometry of €
(and of course p and n). Thus we can divide all the a; by this constant, and they
will satisfy the size condition.

To check the cancellation conditions, we must specify the constants used in
Definition 2.3. We will do this first just for the map ® = ®;. There exists a
constant Ag > 1 (depending only on the maximum and minimum of the derivatives
of ® on a compact set) such that for any cube Q C B4 (0,3), if @ is the smallest
cube containing ®~1(Q), and if Aq,@ C Q, then 2QQ C R’}. Furthermore, there
exists a constant Bg > 0, again depending only on ® and the geometry of €,
such that if @ is a cube in B4(0,3), and 2Q N R_’Jr # 0, then the smallest cube

Q containing ®~1(Q) satisfies |Q N Q| > Bp|Q|. Finally, there exists a constant
Cs > 0 (in fact a constant multiple of the minimum for the Jacobian determinant
|Jo| on @~1(B,(0,3)) ) such that if Q and Q are as above, and |Q| < Cg, then
Q| < Cy, (with C,, as in Lemma 2.7).

Now note that since there are only finitely many ®;, we can choose these con-
stants uniformly. (Here we also take into account the implicit choices made for
j =0, namely Ag = 2, B = 1 and Cy = 1.) Thus we will replace Ag, Be and
Cs by Aq, B and Cq, respectively. We are now ready to prove the cancellation
conditions. .

First suppose Aq@; C . Since all the cubes Q; C B1(0,3), we have, by the
choice of Ag, that 2Q0; C R”}. In that case a; in an h?(R™) atom, so if in addition

1Q:| < Cq, then |Q;] < Cl,, and

/ ai(y)y“dy =0

i

whenever |a| < N,. From Remarks 1 and 3 following Definition 2.1, we get

| e g )de] < clait,

where rg, is the center of 627 and the constant C' depends on ® and the geometry
of Q, but is independent of a;. Dividing a; by C, we get that a; is a type (a) atom.
Next, suppose AqQ; N 9N # . Then we have by the choice of Bg that

1Q: N Q| > BalQ;l.

So we want to show that a@; satisfies the cancellation conditions for a type (b) h%

atom. Let ¢ € C3°(€2). By using a cut-off function, we may assume supp(¢)) C V.
Define a function ¢ on B(0,10) "R’} by

ply) =¥ (@7 W) 15 )]-
Then by a change of variables y = ®(x), we have
| at@i@ds = [ aewi.

Let y* be the projection of the center of Q; onto JR. Since 1) = 0 on 052, we have
that ¢ = 0 on R, so all the tangential derivatives of ¢ at y* vanish. Thus the
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Taylor expansion of ¢ around y* is

o) = > @) W)Y—y)* + Ry,(p9.97),

|| < Npan >1

Plugging this into the integral, we can use the moment conditions on a; (noting
that (y — y*)® contains a factor of y, of order a,, > 1) to get

’/iai(y)w(y)dy’ = ’/iai(y)RNpH(%y,y*)dy‘

1
< o s el [ lastly - vy
|
o Mo T Dl yeq,
< lellen g |Qil P diam(Qq) Y
< C”"/’HchH(@“i) Qi|yp,

where the constant C' depends on @, the cutoff function, and the geometry of €,
but is independent of a;. Again, we can divide a; by the constant to get a type (b)
Rt atom.

We have thus shown that in C5*(€2),

nf=god= Z)\iaioq) = Z)\iai = Z(C)\i)(ai/c)v

where a;/C' are either type (a) hf, atoms or type (b) h% atoms. Furthermore,
1P 1l o lP it
Z |CAZ| S C ||g||h§(ﬁ) S C ||f||hs(ﬁ)

Getting back to the global picture, we have, in C3*'(€2),

k k
F=Y mif =3 Ma,
j=0 j=0

i
which is an atomic decomposition that satisfies the conditions of the theorem. [

In order to prove Lemma 2.7, we will follow the proof in [S2], Chapter III, Section
2, (which is itself adapted from several earlier arguments going back to the work of
Latter and others). We begin with the following proposition.

Proposition 2.8. Let D be as in Lemma 2.7. Suppose that f € C'(D), ma(f) €
LP(D), and f is supported in B(0,1). Then for v > 0, there is a decomposition
f=g+0b,b=> bg, and a collection of cubes {Q5}}, so that

1. the {Q%} are contained in B(0,3) N R_’}r, have the bounded intersection prop-
erty, and

interior <U QZ) ={z e D:my(f)(x) >~};

k

2. each by € Cgol(ﬁ) is supported in Qy, and satisfies

/ mg(bg)Pdx < ¢ ma(f)Pdz;
D Qr
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3. if Qy is such that 2Q;, C RY, and |Qf| < Cy (with Cy as in Lemma 2.7),
then by, satisfies

for all polynomials q of degree up to N,; otherwise, if 2QF N ORY # (), and
P k +

|Q%] < Cy, then by satisfies

or all polynomials of degree up to N, which are divisible by ,;

J poly gree up to N y
4. g €C'(D) and

ln+Np+l
<C C g
ma(g) < Cma(f)(z)xr + 7; (n + |z — zp|)" TN L

where F' is the closure of the set {x € D : mq(f)(z) <~}, and I, and x), are
the side-length and center of Q.

Proof. Let us outline the modifications needed for the proof in [S2], Chapter III,
Section 2.2, to apply in this situation.

Let F be the closure of the set {x € D : my(f)(z) < v} in R™ Note that
since f is supported in B(0, 1), and the maximal function my is defined using bump
functions supported in balls of radii not greater than 1, we must have that mg(f)
is supported in B(0,3), and hence (D \ F) C B(0,3) NRT.

Consider the dyadic Whitney decomposition for R™\ F' (see [S1], Ch. VI, Section
1.1). From this decomposition, we take only those cubes lying in D. This is possible
since any cube in the dyadic decomposition lies on one side or the other of R}, and
furthermore 0D C F'UJR', so any cube in the decomposition lies either entirely
in D or entirely outside of it.

Thus we can get closed cubes Qx C B(0,3) NR" whose interiors are mutually
disjoint, with

dlam(Qk) < diSt(Qk, F) < 4d1am(Qk)
and
J@x =D\ FcB(0,3)nRE.
k

Let @vk = %Qk N R_i and Qf = 2Qr N R_’Jr While @} may no longer be a cube
(in case dist(Q,0R") is smaller than half the sidelength of @), we can enlarge it
in the x,, direction (by no more than half the sidelength of @) to make it a cube.
Even if that is the case, we still have that, for all y € @},

VT3
2vn
(since n > 1), so as we assumed that dist(Qg, F') > diam(Qy), we have

dist(Qy, F) > 0.

Combined with the fact that @} C R_i, and recalling that 0D C F'U JR, this
implies

dist(y, Q) < diam(Qy,) < diam(Qy)

Q; C D\ FcC B(0,3)NRY.
As we already have | JQ = D \ F, we get that

J@i=D\F
k
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and hence

interior (U QZ) ={z e D:my(f)(z) >~}
k

In constructing the partition of unity {n;} for D\ F, we first follow the construc-

tion in [S2], namely we take a partition of unity subordinate to the cubes %Qk, but

then we restrict the functions to R”. Thus 7 will be smooth when Q; C R%, and

otherwise 7y, will be the restriction of a smooth function to R_’j_
We set
b = (f — ck)nws
where the polynomial ¢ is picked as follows.
Let C), = (3y/n)™". If |Q%| > C\,, we let ¢, = 0.
If |Q;] < Crn and Q7 is a type (a) cube, namely 2Q; C R}, then ¢ is the unique
polynomial for which

(f ) = /qunkda:
for all polynomials ¢ of degree < IV,,. Note that we can write

cr(z) = (f, Pz, )m),
where P(z,y) is the kernel of the projection operator from the L? space with weight
function 7, onto its subspace Hy, v, consisting of polynomials of degree < N,,.
If |Q;] < C, and Q; is a type (b) cube, i.e. 2Q; NRY # 0, pick ¢ to be the
unique polynomial for which

(fx%n) = /Ckwankdw

for all monomials of degree |a| < N, with a,, > 1.

We claim that

k| < ey
and
|leenw| < ema(f)(2)

for any x in Q. This is obvious when |Q}| > Cy, so assume below that |Q}| < C,,.

For a type (a) cube, this follows from the proof as in [S2].

For type (b) cubes, we can modify the proof by considering instead of P(z,y)
the kernel 15(x7y) of the projection onto the subspace of Hj n, consisting of all

polynomials divisible by . This kernel must vanish for y € R, so P(z,y)nk(y)
will also be a normalized C3° bump function in y, and the same argument as above
shows that it lies in a ball of radius < 1 containing a point of F'.

Since f belongs to C5*'(D), so does by, and it is supported in Q. It remains to
show that

/ mg(bg)Pdx < ¢ ma(f)Pdz.
D Q%

We restrict ourselves to “small” cubes, where the main difficulty lies. One notes

first that

ma(fme)(x) = (fimeet) | < Cpuma(f)(2),

sup |
P t<1

and since we already have |cipni| < Cmg(f)(x), we get
ma(bk)(z) < Cma(f)(x)
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for any x in @)}. Integrating, we get

mq(b)Pdx < C ma(f)Pdz.
Q% Q%
Looking at D \ Q; and the case when |Q| < C,, we can write

(b, 1) = (br, 0¥ — @) = (fsme (@} — q))-
Here
ay) = > %)y —xx)*,
|a|<N,

where xj, is the center of Q} if @ is a type (a) cube, and the projection of the
center of Q; onto OR” if @y is a type (b) cube. Note that in the latter case,
0%¢f(vx) = 0 if oy, = 0, since 7 vanishes identically on JR’. Thus the only
non-zero terms in the sum above involve positive powers of y,, against which the
integral of by vanishes. .

In both cases, we still have |z — y| =~ | — x| when = € Q} and y € Qi, and the
radius t of the support of 7 still satisfies ¢t > c|z — x|. Furthermore, ni(of — q)
is supported in @vk, which (since |Q}| < C,,) is contained in a ball of radius < 1
containing a point of F (see above). Thus the rest of the estimates in [S2] go
through unchanged, and we get

diam(Qk)”"’NP“'l

2.4 <
( ) md(bk)(x) > |x — .I'kln+NP+l )

if ¢ ¢ Q5. Integrating, and using the definition of V), we have that

/ mqa(by)Pdx < yP|QF| < ¢ ma(f)Pdz.
D\Qj; Q%

This proves part 2 of the proposition. We now let b = > by, g = f —b. Then
g € C®'(R'}), so it remains to prove the estimate in part 4 of the proposition. But
this is just a straightforward adaptation of the argument on pp. 111-112 of [S2],
using the maximal function my instead of My, and incorporating the modifications
on pp. 104-105 for small values of p. Note that in this argument we can ignore the
cubes Qy with |Q}| > C,,, because for those we have that g = 0 in Q.

This completes the proof of the proposition. O

Proof of Lemma 2.7. Again we will follow the proof in [S2], pp. 107-112. There are
a few changes that need to be noted.

First we want to assume that f is locally integrable. This is justified by the fact
that k(D) N LY(D) is dense in h5(D). To see this it suffices to know that for every
v > 0, the distribution g in the proposition is in fact in L!(D), since letting v — oo
we have that || f — gz = [|b][4» — 0. Using part 4 of the proposition, we can show
(see p. 112 of [S2]) that mq(g) € L'(R"). Now for every = € R,

ma(g)(x) > sup(g, )

where this time the supremum is taken over all smooth normalized bump functions
¢ with compact support inside D. But then g € L'.

Second, convergence is now in the “h%(D)-norm”, i.e. controlled by Hmd(-)||’£p(D).

As discussed in the remarks following Definition 1.3, this implies convergence in
c'(D).
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Third, when defining the polynomials ¢y ;, one needs to distinguish between the
different kinds of cubes. If any of the cubes involved have volume > C,,, we set the
corresponding projection to be zero. Otherwise, if Q{H* is a type (a) cube and
Q™| < O, the projection P/*' remains as it is in the proof in [S2], i.c. the
projection onto the whole space of polynomials H; n,. However, if Q{ s a type

(b) cube (with |QJT"*| < C,), we need to replace P/*" by P/*', the projection
onto the subspace of H; y, consisting of polynomials divisible by z,.

This guarantees that if Qf‘ and all of the cubes Q{ +1* intersecting Qi are type
(a) cubes of volume < (), the atom Ai will have the full moment conditions. On
the other hand, if all the cubes are of volume < C), but either ch or any of the Q{ +

intersecting it are type (b) cubes, the atom Ai will only have the partial moment
conditions corresponding to monomials x® with «,, > 1. It remains to show that
in this case Ai will be supported in a type (b) cube.

As in the proof in [S2], we know that Ai is supported in a fixed dilate ch of
the cube ch* (Actually, the proof in [S2] uses a ball Bi, but a cube will do just
as well.) Certainly if Qi* is a type (b) cube, so is cQ_f; (here ¢ > 1, of course).
Similarly, if one of the Q{_“* is a type (b) cube, i.e. 2Q]7* NOR™ # 0, then since
QI c @l implies 2Q7 € 2¢Q1, 50 is cQy.-

Finally, if Q7" or one of the cubes Q7 *1 intersecting it have volume > C,,, then
certainly |ch€| > C,, and so Afﬂ need not have any moment conditions.

The rest of the details are the same as in [S2], and this concludes the proof of
the lemma. O

3. THE hs REGULARITY OF THE DIRICHLET PROBLEM

We now want to study regularity for the Dirichlet problem in the context of the
spaces hg(ﬁ). We begin by looking at the problem in the sense of distributions in
C'(Q).

Let 2 C R™ be a bounded domain with smooth boundary, as above, and let
G be the Green’s operator for the Dirichlet problem on Q, i.e. when ¢ € C>=(Q),

u = G(¢p) is the solution of the Dirichlet problem
Au = @ on €,
u =0 on 09Q.

By the classical theory, we know that for ¢ € C>(Q) we have G(yp) € C=(Q),
hence G(p) € C(2). Moreover, we can consider, for 1 < j,I < n, the func-

tions %ja“’w—l. These are also in C*(Q2), and hence G (ﬁﬁ"—) will be in C$°(Q).

61jawl
Furthermore, by the Sobolev estimates on G, we know that this map
02 — —
Go——:C(Q Cr(Q
© 817]813[ d ( )_> d ( )

is continuous. .
This allows us to define a continuous operator on C5*'(9), as follows:

Definition 3.1. For 1 < j,1 < n, define T} : C3*'(Q2) — C3*'(Q) by

(T31(f), ) = <f’ G <8xajgwl)>

for all f € C3'(Q), p € CF(Q).
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When f is a smooth function, T};(f) takes on a familiar form:

Lemma 3.2. For f € C®(Q),

PG(f)
0z ;0x

Tju(f) =
in C(Q).
Proof. Let f € C*°(Q). Then 2 Bz - ) ¢ ¢>°(Q2) and for ¢ € C5°(1Q0),
<WGUU o [ESD

0z ;0 A o Oz;0x

Since ¢|sq = 0, we can integrate by parts without boundary terms to get

[ 96U e,
o Oz Oxj

But now since G(f)|aq = 0, we can integrate by parts again, and we have

/ G(f 8@8331 dv.

The Green’s operator for the Dirichlet problem is symmetric, so this is the same as

/f <8J:J3xl)dv

(T31(f),0)-

which is by definition

|

: . : S U7e) 3G
Thus we can consider T}; as an extension to C3°'(2) of the operator Da 0

initially defined on C*°(2). In particular, since L%(€2) C C3*'(f2), this operator is
defined on L?, and we have the following:

Lemma 3.3. For1<j,l <n, T}, is a bounded operator from L*(Q) to L*(Q2).

This follows by the argument above since the mapping ¢ — 0;0,G(¢) extends
to a bounded operator on L?(2).
We now come to the main result of this section.

Theorem 3.4. With ) as above, and 1 < j,1 < n, the extension Tj; of
C5°'(Q) is a bounded operator from hh(Q) to hL(€2).

2’°G
8wj611

Proof. Let f € h(€2). By the atomic decomposition, we can write

F=> Max

in C3*'(Q2), where the aj, are either type (a) h%) atoms or type (b) hf atoms (with
respect to some constants Aq, Bg and Cq as in Definition 2.3 and Theorem 2.6 of
Section 2.) By the continuity of T ;,

= Z )\ij,l(ak)
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in C3°'(Q). If we can show that, for every k, T}(ay) € h5(Q) and 1Ty (ar)llnz < C
independently of k, then we will have that > \yT};(ax) converges in h%(€2) and

/p
1Ty < € (X ul?) ™

Since this would be true for any atomic decomposition, we will have

I T50(F)lnz < Cl fllpz-

Therefore, it suffices to prove the following:
Lemma 3.5. If a is an hY, atom (of either type), then T;;(a) € h5(Q) and
1Tj(a)l[nz < C,
with C' independent of a.
Proof of Lemma. Let g = T} ;(a). We want to show mq(g) € LP(Q?). For z € Q,
write
ma(g)(x) = sup(g, ;)

where the supremum is taken over all C3° bump functions ¢¥ supported in balls of
radii t < 1 containing z. Let @ be the supporting cube of a.

Case I: z € QN 2Q or |Q| > Cq. Here we will use the L? estimate from Lemma 3.3,

namely g € L? and ||g||z2 < C|lal/z2. By extending each C5° bump function to a
bump function in R", we see that

ma(g)(x) = sup (g,¢f) < sup (g,¢}) = m(g)(z),
precs VP ED(R)
where m is the local grand maximal function in R™. Since m is bounded on L2, we
have
Ima(g)llze < Im(9)llz= < Cllgllee < C'llallzz < C'QIV*HP,

SO
/ ma@P@)dz < |ma(g)|22[2Q| P/
2QNQ
< ¢, (1Q*1r) jaqprr
-

When |Q| > Cq, we can use the estimate above to bound the integral of mgy(g)P
over all of 2, which proves the lemma for the case where |Q| > Cq.

Case II: |Q| < Cq and = € Q\ 2Q. Fix a C3° bump function ¢f with ¢ < 1. By
definition of T7;, we have

<gv ¢f> = <CL, G(ajal‘ptw»
- /Q a(y) G(9,016%) (y)dy.

Let
Koy (y) = G(9;009F)(y)-
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Claim 3.6. The function Kz is smooth on Q, vanishes identically on the boundary
(ie. Kue(y) =0 for y € 09), and satisfies the estimates

olal Cla|
Z K o < T
}3y“ Kot (y)‘ = o —y|ntle
for all multi-indices «, |a| < N, + 1. Here the constants C),| are independent of
the choice of bump function ¢7.

Assuming the conclusions of the claim, let us proceed with the proof of the
lemma. Again there are two cases
Case II(a): a is a type (a) atom with |Q| < Cq. In this case @ C 2 and we may
assume 0 is the center of @, @ = [—6,0]™ for some § < Co /™.

By Remark 2 following Definition 2.1, and the bounds on the derivatives of Kz
(given by the claim), we have

\ /Q KWy < Copll Kt lemrrs Q1
1 (0% V.
Cop Y. Tai SUp |00 K o7 ()| Q|
la|<Np+1 1" YEQ
Cl
< sup —— ||

_ + ||
yeQ |7 —y|"
ol <N, +1Y€%

ol

E |o] V.

. la|<Np+1 ||t @
A= Np

Q"

|$|n+Np+1 .

IN

For the next-to-last inequality we used the fact that when x ¢ 2Q), |z — y| > C|z|
for all y € @, while for the last inequality we used the fact that |z| is bounded.

Since this bound does not depend on the choice of bump function ¢, we get,
for x € Q\ 2Q,

Q"
/Qa(y)wa(y)dy‘ < OW-

Taking p-th powers and integrating over Q \ 2Q), we see that

|Q|pr/ |x|—(n+Np+1)pdx < C(;(Np-l-l)p—n-i-np/ |x|—(n+Np+1)pdx
zeN\2Q 26<|z|<A

ma(9)(w) = sup

< C

since (Np+1)p—n+np=n+N,+1)p—n>[n+n(l/p—1)p—n=0. This
shows

[ mgera<c.
z€Q\2Q

which proves the lemma for the case of a type (a) atom with |Q| < Cq.
Case II(b): a is a type (b) atom with |Q| < Cq. Note that by the claim, K,z €
C3°(9), so by the moment conditions on a (see Definition 2.3),

/ a(y) K 5 (4)dy
Q

< Ko llevo+r (o) 1QI™
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and we can proceed exactly as in case II(a) above to show that

/ ma(g)(z)Pdx < C.
z€Q\2Q

This proves the lemma for a type (b) atom with |Q| < Cq. O
Now that we have completed the proof of the lemma, we can get back to the

Proof of Claim 3.6. The smoothness of K = on Q and its vanishing on the boundary
follow from the fact that it is the solution to the Dirichlet problem with smooth
data 0,017 .

To prove the estimates on the derivatives of K,z (y), we will first consider the
situation when |z — y| < 4¢. Let

u(y) = Koz (y) = G(9;0097) ()-
Then it suffices to show
|0%u| < Cctnled
for all multi-indices . We will do this by using the Sobolev embedding theorem.
First note that
[0°ul| p2(q) < Ct=™/271el.

For a = 0, this follows from:
lullL2(@) = 1G(0;067) L2 () < Cllet 2y < Ct™2,

since 7 is a bump function. For |«| > 2, this follows from the regularity of G:
10%ull 20y < llullja) < CllO;016F llja) -2 < Ct=/27100,

Here ||-||s denotes the Sobolev s norm. Finally, for || = 1, we have, since u satisfies
the Dirichlet boundary conditions,

IVulaq = /QVu-WdV
= —/(Au)ﬂdV
Q

— / 0,017 udV
Q

105016¢ || L2 [|w] 22
Ot_n/2_2t_n/2

Ct—"2,

Now fix a multi-index « with |a| < N, + 1. We want to use the Sobolev embed-
ding theorem to bound the L norm of 9%u by the L? norms of u and its derivatives
in balls of radius ¢. Near the boundary, however, such balls may not be contained
in Q. Therefore we must first cover a tubular neighborhood of 99, of radius 1, by
a collection of open sets U;, such that each U; is contained in a larger open set V;,
and in each V; there is a diffeomorphism ®; which takes V; N2 onto the upper half
unit ball B4 (0,2) and U; N Q onto B, (0,1). For each 4, we can extend u o ®; ' to
a smooth function on the whole ball B(0,2) while maintaining its Sobolev norms
(see [S1], Chapter VI, Section 3). These are essentially the Sobolev norms of u, up
to a constant depending on ®;.

IN A
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Fixing y € Q, since t < 1, we have either B(y,t) C Q, or y € U; for some i.
In the latter case, by making a change of variables, we may assume y € B4(0, 1),
hence B(y,t) C B(0,2). Replacing u by uo ®; ', and extending to B(0,2), we may
assume that wu is defined in B(y,t) and its Sobolev norms are bounded as above.

For simplicity, make a translation so that y = 0. Thus we have

10%ull 20,0y < Ct™/27 1L,
Now define v in B(0,1) by v(z) = u(tz). Then it is easy to see that
10%v]l 2(B0,1)) = 107l 2B (0,0t "1 /2 < CtT™.
Let k be an integer greater than n/2. By the Sobolev embedding theorem,

applied to the function 0%v, we can write

sup (0% < C Y 1107(0%0)l| 2(B0,1y) < Ct"
B0.1/2 i<k
(see [S1], pp. 124-130). But 0%v(2) = tl*/(9%u)(tz) so

10%u(0)| <t sup ||| < ot~ el
B(0,1/2)
Recalling that 0%u(0) = %Kﬁz (y), we see that we are done with the case |z —y| <
4t.
When |z — y| > 4¢, we write

32%
/ Gly, 2 8zJ8zl( z)dz.

Here y is outside the support of ¢f, so the integral is taken only over the region
where G(y, z) is smooth in z. In addition, both ¢¥ and G vanish on the boundary,
so we can integrate by parts to get

K@ﬂy%=/23q3nG@hdwf®ﬁh-

Differentiating in y, this gives

olel /
a9 a = 0y,0.,0.,G y % ¥ (2).
o5 Y) |, 0 0=0= (Y, 2)pi (2)

Furthermore, for z in the support of ¢§ we have
[z -yl <z —z[+ ]z -yl <2+ [z -yl <|x—yl/2+ ]z —yl;

hence |z — y|/2 < |y — z|. Thus if we can show

(3.1) 1000,0.,G(y, z)] < Cly — 2|71
for all z € Q\ {y}, we would get
glal N .
G| < | [ 050,0.60 )t (e
¢ .
/Q WM& (2)|dz
S C|£C - y|—n—\0¢|’

which is the desired estimate.
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Proof of estimate (3.1). We will follow the general outline of the proofs in [CKS],
Section 5, but without using the reflection mapping. We start by writing the Green’s
operator G, acting on some f € C*(£2), as

G(f) = E(f) + H(f).
Here E(f) = E « f is convolution with the Newtonian potential F, while —H(f) =
P(E* f|aq) is the Poisson integral of the restriction of E(f) to the boundary. Thus
we can write the Green’s function as

G(yv Z) = E(yv Z) + H(ya Z)a

where

E(y,2) = caly — 2|72
and H(y, z) is the kernel of the operator H. Now E is symmetric in y and z and its
second derivatives form a Calderén-Zygmund kernel, so the inequality (3.1) holds
with F instead of G. Thus we need only concentrate on H.

In order to estimate the derivatives of H(y, z), we write, for z € Q\ {y},

02 52
82’]‘321[—[(:%2) B 82’3‘821 ~/69 P(:‘/uC)E(C,Z)dO'(C)

82
= [, P05 5 B ae(0)

where P(y,() is the Poisson kernel in €, and do is surface measure on 9f). We
differentiate the integral with respect to y and separate into local and global parts
by means of a cut-off function ¢ : (0,00) — R such that ¢(¢t) = 1 for ¢t < 1/4 and
o) =0 for t > 1/2:

olel 02
@/@QP(%C)WE(QZWU(Q
= [ oo ('C - Z') 0.,0. B¢, 2)do(C)
a0 ly — 2| !
e _ |C—Z|>:| o
+/898yP(y,C) {1 ¢>(|y_z| 9.,0., B(C, 2)do (C)

= L+

We want to estimate the local part, Iy (where |¢ — z| < |y — 2|/2), by means of
integration by parts. In order to do this, we first have to convert the z derivatives
of F into ( derivatives. Note that because of the symmetric form of E, we have

82].BZZE(§, Z) = (9(].(9QE(C, Z)

Next, for z, y fixed and ¢ in a neighborhood of 9Q, with |(—z| < |y—z|/2, we choose
tangential and normal coordinates (¢’, p) in ¢. Converting the old derivatives to
the new ones, we get

o = 9 0
== =D ik i
¢ ,; Prag, T Y op
for some smooth functions a; x, b;, and therefore

0 9!8I+k
—8<j8<lE(<aZ): Z Cg,kwE(C,z),

|B]+k<2
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By choosing p to be the signed geodesic distance to 0€2, we can rewrite the equation
A¢E(¢, z) =0 in the new coordinates as

02 02

WE(C’ z) = Z diymWE(g, z) + first order terms.
P 1<i,m<n-—1 GiOm

This reduces the number of p derivatives by one, and we remain with an expression

of the form
oIBl+k

> gﬁ,k(C)WE(Caz)

|B]+k<2,k=0,1
for the second derivatives 0;0; of E((, z). Inserting this into I;, we get

. =1 olPI+k
/an 9, P(y,()¢ (|y — Z|) gﬁ,k(C)WE(<az)dU(C)'

|B|+k<2,k=0,1
We are now ready to integrate by parts in the tangential variables (. The
derivatives can fall either on 9y P(n, (), on ¢( Iszzll ), or on ggx(¢), and we use the
following estimates:
020 Py, Q) < CJ¢ —y|~ 7 rEhIFleD
Cly — Z|—(n—1+|v\+|a\)

IN

since [¢ —y| > [y — 2| = [C = z[ > |y — 2[/2,

o, <M)' < Cly— 2=,
ly — 2|

and
100, 95.1(Q)] < C.

Combining, and using the fact that we can always choose the largest negative
exponent of |y — z|, since it is bounded above, we have

Cq
nos o | 156, 2)ldo )
ly — 2+l Jie o i<py—a2

Cy /
0 do ()
ly — 21"l Jiezi<iy—e1/2
. /
——— ¢ = 2|72 do ()
ly — 2+ Jie i<y

C
/6 10 B(C2)ldo(0)

|y — 2|t
< COly — 2|~ (¥l

0

IN

The last estimate (bounding the integral of the normal derivative of the Newtonian
potential by a constant) can be found in [F] (Lemma 3.20, p. 165).

The global part of the integral, I, can be estimated in the same way as was
done in [CKS], in the proof of Lemma 5.3 (pp. 327-331), i.e. by using integration
by parts to transfer derivatives from the Poisson kernel to the Newtonian potential.
Here we must use the estimate

OLE(C 2)

IN

Cl¢ — Z|—(n—2+\v|)
Cly — z|~(n=2+hD

IN
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for | — z| > |y — z|/4. Since the largest |y| possible is |a| 4+ 2, we have
12| < Cly — 2|7 FleD,

and so all in all

Hled |ex] 52
—H =|=— r —FF d < Cly — z|~(lab),
G109 = |55 | P05 0BG 2o 0)] < Cly -+
Combined with the equivalent estimates on E(y, z), we get estimate (3.1). |
Now the proof of Claim 3.6 is complete. O

This also concludes the proof of Theorem 3.4, the Al regularity of the Dirichlet
problem.

4. THE h? REGULARITY OF THE DIRICHLET AND NEUMANN PROBLEMS

In this section we will study the regularity of the Dirichlet and Neumann prob-
lems in the context of the spaces h2(2). We shall concentrate on the Neumann
problem, since it involves the more difficult analysis. B

Let 2 C R™ be a bounded domain with smooth boundary, and let G be a

solution operator for the Neumann problem, defined on f € C®(Q) with Jof=0
by G(f) = u, where

Au= f on Q,
%:00118(2,

and [, u = 0. Here 77 is the outward unit normal vector field on 9.

If f € C(Q) with [, f =0, then G(f) € C*°(2), so we can apply the operators
62]2_8%1, 4yl =1,...,n, to f. We want to extend these operators to h2(Q). To do
this, we will proceed through the L? theory.

As is well known, G extends to a bounded operator from L?(2) to the Sobolev

space H2(Q2), so for 4,1 = 1,... ,n, the operators %ngl, extend to bounded opera-
J

tors on L2(2). Thus we can define agjgﬁl (a) for an h? atom a. We shall prove the

following

Theorem 4.1. With © as above, and 1 < j,1 < n, there is an extension TjJ of
G _ 45 g bounded operator from hE(Q) to h2(Q).

61jawl

Before proceeding with the proof of this theorem, we shall state the corresponding
2
result for the Dirichlet problem. As above, one can also define the operator agjgzl

on h? atoms, where G is the solution operator of the Dirichlet problem for the
Laplacian, as in Section 3. Thus we have

Theorem 4.2. With Q as above, and 1 < j,1 < n, there is an extension of 62]2_;;1[

to a bounded operator from hZ(Q) to h2(2).

The proof of this result is just a minor modification of the proof of Theorem 4.1,
so we will omit it. In Section 5, we will give a different proof for the case p = 1.
The essence of the proof of Theorem 4.1 is contained in the following
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Lemma 4.3. If a is an hY atom, then agjgl (a) € h2(Q) and

G .
O0x;0x

<C,

hZ
with C' independent of a.

Proof of lemma. Let g = %Lgil(a). Note that by definition, we are taking g = 0
J

on R™\ Q. Thus to show g € h2(Q), we only have to show g € h?(R™). Let m
be the local grand maximal function, as in Definition 1.1. Then we want to show
m(g) € LP(R™). In fact, we only need to show m(g) € LP(€2), where Q is some
bounded set containing all points of distance at most 2 from €.

Let @ be the supporting cube of a.
eate]

sz le and

Case I: z € 2Q or |Q| > 1. Here we will use an L? estimate. Since both

m are bounded on L?, we have
Im(@)llz> < Clgllze < Clallze < CIQP2777.
Thus

IN

Im(g)II712Q1"~#/

c (1Qz1r) jaq)tr/
= C.

/ o) (@)

IN

When |Q| > 1, we can use the estimate above to bound the integral of m(g)? over
all of €2, thus proving the lemma for that case.

Case II: |Q| < 1 and z € 2Q. Fix a C* bump function ¢¥ with ¢ < 1. Then we
have

0*G
o 0x;01;

{9, ¢%) (a) (@)@} (z)dx

-/ { / %G(x,y)a(y)dy}wf(x)dw

/g {/Q 6:3(29@ G, y)‘F’f(x)dw} aly)dy
= /Qf?s:f(y)a(y)dy,

where

_ 92 - }
Ko) = [ 5o5m 0l (i,

i.e. the dual operator (ajalé)* applied to ¢f.

Claim 4.4. The function I/(:f is smooth on Q and satisfies the estimates

ol — Clag
~ K.o. < "
oy 7 (y)‘ = oy

for all multi-indices «, |a| < N, + 1. Here the constants C),| are independent of
the choice of bump function ¢7.
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Assuming the conclusions of the claim, let us continue with the proof of Case
IT of the lemma. Recall that Q@ C Q. We may assume 0 is the center of @, and
Q = [—6,0]" for some § < 1. Using the moment conditions on a and the bounds on
the derivatives of K 2 given by the claim, we can proceed exactly as in Case II(a)
of the proof of Lemma 3.5 to get that

mo)e) = s [ aw)i )
ey 1JQ
_clepr
and
/ m(g)(x)Pde < CoP™» / ||~ Np P g
zeQ\2Q 5<|z|<A
< C
This proves Case II of the lemma, and the proof of the lemma is complete. O

Proof of Claim 4.4. We will first prove that the operator (9; Bl(NS‘r)* is bounded from

the Sobolev space Hy () to itself, k = 0,1,2,.... Specifically, we want to show
that if ¢ € C*°(Q2), then (0;0,G)*(p) € Hi(Q) for all k, with

(4.1) 10;,0G) ()l < Cllellx,

where || - || denotes the Sobolev k norm on €. Since ¢f € C>(Q), this will show

that K = = (0; 9,G)* (%) is smooth up to the boundary.

To prove 4.1, we first take a smooth partition of unity {n,}, n =0,... , M, where
as usual 79 has compact support in €, and for p > 1, 5, has compact support in
an open set U, which comes equipped with a system of tangential and normal
coordinates (¢’, p), p being the geodesic distance to 9. Write

~ M ~
(0,00G) () = > (0;00G)" (1up).
pn=0
We want to prove 4.1 for each n,¢.

When g = 0, since 1oy has compact support in {2, we can integrate by parts,

and since G is self-dual, we have that

(9;00G)" (o) = G(9;01(n0p))-
Thus we can use the classical Sobolev estimates for the Neumann problem to get
(4.1) for nop?. See Section 3, proof of Claim 3.6 for the analogous argument in the
case of the Dirichlet problem.
Now fix p > 1, and let U = U,, n = - aking the change of variables
®(z) = (¢, p) = ¢, and letting 7 = [(n ) 0o ®~1)J, ", we have

(42) 0,08) ()y) = /U O &ey)n(z)p(z)dz

na 0702
(43) -z o, ot (O 5@ Qr(Q)ic
(4.4 # X[ RO e 0w

1<m<n
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We will deal with each term in the sums individually, and distinguish between
tangential and normal derivatives.

Case I: Tangential derivatives. In this case, we want to integrate by parts to trans-

fer the derivatives from G to o, and use the Sobolev estimates for G. Because of
the change of coordinates, there are certain details to keep track of.
Consider the function f € L?(Q) defined by

fly) = /R i a«)ajmé@-l(o,y)r(odc,

with i,m <n — 1, where a = af;fn is smooth. Testing f against some ¢ € C>® (1),
we can integrate by parts to get

02 - 4
| rwvway = [ { . #©ge5e, 000 <<>>r<<>d<}¢<y>dy
2 -
= | { [ 356 @i aricyic
= 782 G -1 a(O)T
=y, T SO OO0
= G -1 o2 a(Q)T
=, GO O g ol
- /Q G (0)(2)6(2)Jn ()dz
- / VG (B Ta),
Q
where
82
(b: m(aﬂ-)o@.

This shows f = G(¢Js) in L2(2), so the Sobolev estimates for G, combined
with the fact that

[16llr < Callllrre

for all £ > 0, give the desired estimate 4.1 for the terms in the sum 4.3 with
i,m < n—1. A similar argument gives an even better estimate for the terms in the
sum 4.4 with m <n —1.

Case II: One normal derivative. This is the case of a term in the sum 4.3 or 4.4
with m = n. If in addition we have a tangential derivative, we may integrate by

parts as above. Thus what remains is to show that the operator Gj, defined on

p €C(Q2) by

G0 = [ 5-Cln2)el)dz

is bounded from Hj(f2) to Hy41(€2). Recall (see [CKS], Section 7) that we can
write the solution operator G to the Neumann problem as

G=E+H+5,
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where E is convolution with the Newtonian potential F (followed by restriction to
),
(4.5) H=-P QRQE

: = ap ,

and S is a smoothing error. Here @ is smoothing of order 1 on the boundary.
Since E maps Hy(Q2) to Hyy2(Q), its derivatives are bounded from Hy(Q) to
Hy11(Q). Furthermore, denoting the kernel by E(y, z), we have

=Y ene) g Ely2) = - Zcm@)ayimE(y, 2),

for some smooth functions ¢,,. Thus the operator E;; defined by

) = [ 5Bl 2oleds

also maps Hy () to Hi41().
Now let us look at H}, again defined by

0= [ 52z,

where H is the kernel of H. Looking at 4.5, we see that since we are differentiating
with respect to the variable of integration, the derivative falls on the innermost

operator, namely E, so that
T a *
H =-P QRB_pEp .

(4.6)

Using 4.6, we see that

9 P 0
5pr B 2) 5 - E(y.2) = > lem(y) — en(2)l 5 ~E:2),

which shows that the operator

0
E'— —E
P 9p

is smoothing of order 2 on Q. Thus
~ 92 -,

where H’ has the same regularity properties as H, namely it maps Hg(Q) to
Hp12(Q).

But now note that since E is harmonic, we can write aa—zE in terms of purely
tangential derivatives, and at most one normal derivative. The tangential deriva-
tives commute with the operators R, @ and P up to lower order terms, so that
in the end we remain with operators of the form 8j81ﬁ, which we know have the
desired regularity (see [CKS]), plus operators which are smoothing to at least order
1. As for the remaining normal derivative, it gives an operator which is essentially
H up to multiplication by a smooth function. Thus we see that we can write H*
as a sum of operators, all of which map Hy(2) to Hy11(Q).

Finally, looking at the smoothing operator S, since its kernel can be taken to
be as smooth as we like, applying 7~ - to it still gives a kernel which is smoothing.
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Thus we have shown that é; maps Hy () to Hyy1(Q), which proves the Sobolev
estimates 4.1 for any term containing one normal derivative.

Case III: Two normal derivatives. Here we look at the operator with kernel
2 ~ ~
aa?G(y,z). We use the fact that the Neumann function G(y,z) is harmonic in

both y and z, so again we can write this in terms of purely tangential derivatives
and at most one normal derivative, which cases were dealt with above.

Putting everything together, we see that the estimates (4.1) are satisfied for each
of the terms in the sums 4.3 and 4.4; hence they are satisfied for n,¢ for each p,
and we have shown that the operator (@@é)* is bounded from Hy () to Hi(Q2),
and in particular I?;g is smooth up to the boundary.

To prove the estimates on the derivatives of I?Jf(y), we will first consider the
situation when |z — y| < 4¢. Then it suffices to show

09K | < Ct—" el

for all multi-indices . This can be done by using the Sobolev embedding theorem,
as in the case of the Dirichlet problem (see Section 3, proof of Claim 3.6). We only
need the estimates -

HB“K%: ||L2(Q) < Ct_n/z_m‘,

which follow from the regularity of ( ag?gq) discussed above:

10 K i llL2() < 1Kot lja) < Cllgfllia < CE/27100,
When |z — y| > 4¢, we write

0? = -
Ror) = [ 55600 2)ei (=

Here y is outside the support of ¢7, so the integral is taken only over the region
where G(y, z) is smooth in z. Differentiating in y, this gives

lel ~
S et ) = [ 30,0, Gy, 2)ef ()
oy Q

Furthermore, for z in the support of ¢} we have
|z —yl <o —z[+ ]z -yl <2+ [z —y| <[z —yl/2+ ]2 —yl;
hence |z — y|/2 < |y — z|. Thus if we can show

(4.7) 1089.,0.,G(y, z)] < Cly — 2|~
for all z € Q\ {y}, we would get
a|a\ - « ~ T
aFa| = | [ 0,060 200
Q

c z
< /Q Whﬁt (2)|d=
S C|ZE - y|_n_‘a|7

which is the desired estimate. _
So it remains to prove the estimate (4.7) for the Neumann function G. Again
we write B B
G=E+H+S
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The Newtonian potential E(y, z) is symmetric in y and z and its second derivatives
form a Calderén-Zygmund kernel, so the inequality (4.7) holds with E instead of
G. Furthermore, the kernel for S can be taken to be as smooth as desired. Thus
we need only concentrate on the kernel H(y, z) of H.

In order to estimate the derivatives of H(y, z), again write

H=-P (QR3E> .
dp
Let T = QRB%E. Since @ is smoothing of order 1 on 92, T is a reverse Poisson

operator of the same order as RE. When we consider agazjazﬁ (y,z), the y
derivatives fall on the Poisson kernel P, while the z derivatives fall on the kernel of
T. If K((,z2) is this kernel (¢ € 99, z € Q), then

020,,0., F(y, - / 02 Py, ()., 0., K (C, 2).

We can now proceed as in the proof of Claim 3.6 (for the Dirichlet problem), with
K (¢, z) instead of the kernel E((,z) of RE. Namely, we use integration by parts
to transfer derivatives between K and P. In the “local” case (denoted by I; in the
proof of Claim 3.6), we can use the harmonicity of E and integration by parts to

express 0,0, K((, z) as
> 0PKs(¢ %),
|B1<2

where the derivatives in ( are tangential, and the operators associated to the kernels
K are of the same (or lower) order as T'. Thus we can integrate by parts to move
the derivatives onto P. For the “global” case (I2), we transfer the derivatives from
P onto K.

Alternatively, one can proceed to prove the estimates on the derivatives of the
kernel H(y, z) via the symbolic calculus, as in [CKS] (see pp. 342-346, although in
this case one needs to reverse the variables when taking derivatives).

This gives the estimate (4.7) on the derivatives of @, which in turn proves
Claim 4.4. O

Now we can finally give the

Proof of Theorem 4.1. Let f € h2(Q). By the atomic decomposition, we can write

= Max
in S'(R™), Where the ay are h? atoms. By Lemma 4.3, for every k, am 8ml (ak) €
h2(Q), and ’

verges in the hZ(Q2) norm. Since h2(Q) is a closed subspace of hZ(R™), hence
complete, this sum is an element of h2(f2), and we can define 7}, on f by

Bej0m 8wl (ar) e < C independently of ay, so that E)\k B 8wl (ar) con-

To see that this is independent of the choice of atomic decomposition, it suffices
to show that 7} is continuous on L?(2) in the distribution topology, i.e. if {fx} is



HARDY SPACES, BMO, AND BOUNDARY VALUE PROBLEMS 1635

a sequence in L2(2) with fr — 0 in C*'(Q), then

9°G
<m(fk)a 90> -0

for every ¢ € C>°(Q2). But as in Case II of the proof of Lemma 4.3,

2~ ~
<%(m’“"> = {fr: (8;,01G)"(9))-

The right-hand-side converges to zero since fr — 0 in C°>'(Q) and the operator
(0;0,G)* is continuous on C*(Q2), as demonstrated in the proof of Claim 4.4.

Thus the extension fj,l of %gil to h2(Q) is well defined. Furthermore, we have

that y
~ p
1750 e < (0 1l)

with C' independent of the atomic decomposition. Since

/
e = int (1)

where the infimum is taken over all such decompositions, we get

T3 (Nl < C'll fllnes

i.e. Tj; is bounded on h?(%).
We have now proved the hf regularity of the Neumann problem. O

5. H' AND BMO REGULARITY

In this section we will give a different proof of the hl regularity of the Dirichlet
and Neumann problems for the Laplacian. Then we will then state and prove the
corresponding results for the appropriate dual space, bmo,., and for the dual space
of h1(Q), bmo,.

Let us state again the case p = 1 of Theorems 4.1 and 4.2.

Theorem 5.1. IfQ is as above, and G, G are the solution operators for the Dirich-

let and Neumann problems, respectively, then for 1 < j,1 <n, the operators Bgégzz
J

and %gl extend to bounded operators from hl(Q) to hl(Q).

Instead of using the maximal function, we will prove this by using a cancellation
property to obtain the atomic decomposition directly. To illustrate this method,
we will first prove an analogue in the upper half-space. Just as for the local spaces
h2(€Y), we define the space H?(R™) to be the subspace of H?(R") consisting of

those distributions supported in R_i

Proposition 5.2. If G (resp. é) is the solution operator for the Dirichlet problem
(resp. Neumann problem) on the upper half-space R, then for 1 < j,1 <n, %
(resp. %) extends to a bounded operator from HL(RY) to HE(R').

Proof. Let f € HX(R}). Then by an analogue of Theorem 2.5 (see [JSW], Theo-

rem 5.3, and [CKS], Theorem 3.3), f has an atomic decomposition ) Aja;, where
> |Aj| < oo and the a; are now H' atoms supported in cubes Q; contained entirely
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in R_’_‘|r Recall that an H' atom must satisfy a size condition, which in this case we
take in the L? sense:

lallz2 < |Q7/2,
and an exact moment condition:

/a,(x)dx =0.

As in the proofs of Theorem 3.4 and Theorem 4.1, it suffices to show that the
operators are bounded in the H! norm when acting on atoms.

Consider such an atom a. Then a € L?, so we can define the solutions to the
Dirichlet and Neumann problems for a by u = G(a) = E,*a and u = G(a) = E.*a,
respectively. Here F is the Newtonian potential, and F,, F. are its odd and even
parts. Let

2
Fj = 88 ey
x ;0
We want to show that for any 1 < j,I <n, Fjlgg € H: (R™) with norm bounded
by a constant.
We begin by proving a cancellation property for F};, namely that

(5.1) /R Fy =0,

n
+

A priori, we know F}; exists locally in the L? sense, and is therefore locally inte-
grable. We will show that it is actually integrable at infinity, so Fj; € Ll(R’}r).
Note that

0’E,
R i
gt O0x 0z @
for the Dirichlet problem, or
0’E,
F‘ =
gt O0x 0z *a

for the Neumann problem. Let @) be the supporting cube of a, with center ygo. Then
by the moment condition on a, and the size of the derivatives of the Newtonian
potential, we have, for z € R™\ 2Q:
0*E, (

o 0z;0x)

Fa@)| < . y)a(y)dy\

0°E, 9°E,
= ‘/Q {8%8@ (x—y)— m(x - yQ)} a(y)dy‘
v
_ — a d
T ol ly — yella(y)|dy

cle
|z — yo[* T
Exactly the same estimate holds for the case of the Neumann problem.
Now that we have the decay and integrability at infinity, we immediately get
that
0%u

dr =20




HARDY SPACES, BMO, AND BOUNDARY VALUE PROBLEMS 1637

whenever either j < n or [ < n. Furthermore, since Au = a on R, and a has
vanishing integral, we have

0%u 1 52y,
U g = A O Y
Ry 007 /i{a ZW} '

Thus [z Fj; =0 for all j,1.
+
Now fix j and [ and let F' = F} ;. We will show F’ |R1 has an atomic decomposition
with atoms supported entirely in R_’j_
Again looking at the supporting cube @ of a, we define Qx, &k > 1, to be the

smallest cube such that L L
2*Q)NRT c Qx C RT.

Set )
Fg, = — F(z)dx
@ 1Qkl Jo,
for k > 1,
g1 = FXQ1 - FQIXQI?
and

9k = FXQk\Qk—l + FQk—lek—l - FQkXQk
for k > 2. Then [ g1 =0 and for k > 2,

1 1
Jom fa { [ QMF} et~ { iy [, P} 1 =0

We claim

k
> 9i=Fxa. — Fouxan-
i=1
This is true for £k = 1, and if we assume it is true for k — 1, we get
k k—1
Z 9i = Z i + gk
i=1 i=1

= FxQii — FoiiXQios
+FXQk\Qk71 + FQu 1 X — FQixan
= Fxq. — Fouxq.
This, combined with the fact that fRi F =0, gives

k
[ r=Yal < [ F-Frol+ Fall
RY i=1 R}

_ / |F|+‘ / F
RT\Qk k

_ / 7| + / F
RT\Qk R\ Qk

2 Pl

R1\Q)

— 0

IN
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as k — oo. Thus
oo
Flrn => g
i=1

in L.
Now we want to estimate the L? norms of the g,. Note that for k = 1, we have,
by the L? boundedness,

1/2
lollze < {/ |F|2} P l1Qu 2
Q1
1/2
()
1
2
< 2‘&
0071 || -
< Clal
< Cl|Q1|_1/2-

For k > 2 we can again write

1/2
gkl < {/Q IFIZ} + P ||Qu—1"? + [Fo, ||Qk [
k k—1

To estimate the first term, recall that, for z € R} \ Q1,

C|QIM™
Flo)| < ———.
[F(2)] < |z — yo|ntl

Therefore, with § being one-half the sidelength of @, we have

v (00
? 1/2
{/Qk\Q“ 171 } = W'Q” /

C2—k(n/2+l)5—n/2
C27k1Qr[ V2.

A

As for the second and third terms, we can use the fact that fR" F =0, and the
+
estimate for F(z) in R \ Q1, to get:

1
|Fo.,l = —/F(:z:)da:
O 1@kl /o,
1
= —/ F(z)dx
1Qk| | /R \qx
1/n 1
co@n 1,
Qkl Jz—yqi>2vs |17 — yol™
< C 0

(2k5)n+1 ’
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SO
1)
ol < Corrri@nl 2
= C27F|Qk 7V

The estimate for £ — 1 is the same up to a constant. Thus we see that
lgrllL> < C27%|Qu| /2.

Now let A, = C27% for k > 2, \; = C, and aj, = A, 'g. Then each ay, is supported
in Qr C RY, and satisfies [a, = 0 and |ag|z2 < |Qx|~Y/2, so it is an HL(RY)
atom. Also F =" A\pag, and

Sl =Cr+C> 27F =A< 0.
k=1 k=2
Here A is independent of a.
This completes the proof of Proposition 5.2. O

Proof of Theorem 5.1. We are going to give a local version of the proof of Proposi-
tion 5.2. We will give the proof for the case of the Dirichlet problem, and indicate
where changes must be made for the Neumann problem. Again, it suffices to con-
sider an hl atom a. Let u = G(a), fix 4,1, and set

B 0%u

- 0z;0z;
We will give an atomic decomposition for F' in terms of modified hl atoms (see
Remark 3 following Definition 2.3).

We must distinguish between the case where a is supported “away from the
boundary”, and the case where a is supported “near the boundary”. Cover Q by
open sets Uy, ... ,Unr, where Uy C 2, 092 C Ulj\il U;,andineach U;, 1 =1,... ,M,
we have a system of tangential and normal coordinates (t1,...,t,). Let Cq > 0
be such that if B is a ball with |B| < Cq, then BN Q C U; for some i. If Q is

the supporting cube of a, and |Q| < Cq, let K be the largest integer such that
|2KQ| < Cgq, and set

Qkx =25QnAq.
Then one of the following cases must hold:
Case 0: |Q| > Cq. In this case, we treat F as a multiple of a large modified h!

atom, supported in all of Q. Since [Q] > Cq, we only need to check the size
condition, which follows from the L? estimates:

0%u
O0x ;0

This shows that the hl norm of F is bounded by a constant independent of a.
Case 1: |Q] < Cq and Qi C Uy. By rotating and translating, we can assume @ =
[0, 0]™ for some § > 0.

In order to use get the atomic decomposition for F', we need an analogue of the
cancellation property 5.1. We start by getting the size estimates on F' and the first
derivatives of u. If G is the Green’s function for the Dirichlet problem, then

F(z) = —82G(x,y)a

nmm=H < Cllall,= < CC 2.

L2

o 0,00 (y)dy.
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By interchanging the role of the variables in estimate 3.1 and its proof, we get that
|8381]811G(x7y)| S C|:E - yl—n—|a\

for 0 < |a] < 1. The same holds for the Neumann function C~¥7 following the proof
of estimate (4.7). Combined with the moment condition on «a, this gives

/Q a(y)dy‘

C / C
Flo) < 51 | WlleWldy + —
F@) S e lewdy+
R, clop
[ T Tl

C/|Q|1/n

|x|n+1

<

Note that we were able to absorb the second term because v1 = 1/n, and |z| is
bounded above. Applying the same estimates to the first order derivatives, and
combining terms, we also get

1/n
ou| _ ClQI
Oxy| = x|

Thus we can integrate F' in one variable first and use this estimate to get

209 [ ou
/ / — <—> dz; p da’
[—2K§,2K§|n—1 _9K§ 813j 8:13[

(5.2) ‘/K F(z)dx

20 Q 1/n o
(53) < ﬁ\/oln_l([_zfﬂs, 2K5] 1)
(5.4) < ClRM"

as 258 ~ Cu'/™. This is the approximate cancellation condition which replaces
equation (5.1).

Now we proceed to define, as in the case of the upper half-space: Q) = 2*Q and
Fo, = ﬁkaF(x)dx for 1 <k <K,

g1 = FXQ1 - FQIXQI?
and
9k = FXQk\Qk—l + FQk—lek—l - FQkXQk

for 2 <k < K. We also set Qx+1 =0 and

9x+1 = Fxo\ox + FQr XQx-

Then again we have that gj is supported in Q, [gr =0 for 1 <k < K, and

K+1

Y 9k = Fxax — FouXax +9x+1 = Fla.
k=1

The estimates for the L? norms of the g, have to be modified to take into account
the approximate cancellation conditions. While we still have

lgillze < Cllallzz < C1]Q1] 72,
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1/2
/ |F|? < C27MQu T2,
Qr\Qr-1

we no longer have [ F =0, but rather | [, F| < C|Q['/". This gives

and for 2 <k < K,

1
F = — /dex
1FQu| s (z)
< 1 / F(z)dx —|—‘/ F(z)dx
|Qk| Qkr\Qk K
1/n
< C|Q| / |$|—(n+1)d$+1
Q| 2k 5<|z|<c
)
s Crpm

Note that here we again used the fact that 256 ~ Co'/™. Hence
[Foul|Qkl"? < C27%1Qu| 712,
as above. Combining these estimates, we once more get, for 2 < k < K,

lgllZ < 27%1Qul 2.

1/2
{ / |F|2} + Py [ Qul
NQx

CalQ|"™
Cq.
This shows gr+1 € h1(Q) with norm bounded by a constant, so we only need to
consider F' — gx+1.

Set Ay = C; and A\ = C27% for 2 < k < K. Then g = Ayaj where each ay, is
supported in Qx C 9, [, ar = 0 when Qx| < |Qx| < Co, and [|ay | z2 < [Qk] '/
Thus each ay, is a modified hl(Q) atom. Also F — gr11 = > Agay, in €, and

K K
dnlsai+cd 2b <
k=1 k=2

For K + 1, we have

IN

||9K+1HL2

<
<

Case 2: |Q] < Cq and Qg C U; for some i = 1,... ,n. From the estimates on the
Green’s function and the moment condition, we again get
clQl"
|F ()] < 7———m7
|z — yql

for z € O\ 2Q), where yg is the center of Q. For such z, we can also bound any first
derivatives of u by |Q|Y/™|x — yo| ™", and w itself by |Q['/"|z — yo|~"*'. However,
this does not immediately give us the estimate 5.4 on the integral of F'. In order
to do this, we must switch coordinates.

Let U = U;. Recall that in U there exists a system of tangential and normal
coordinates (t1,... ,t,). More specifically, we take (¢1,... ,t,—1) to be coordinates
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on INNU and ¢, to be the signed geodesic distance to €2 in the Euclidean metric
in U. Since a is supported in §2, and its supporting cube is “near” the boundary
(Qk C U), we may assume that in the new coordinates it is supported in the cube

@ = [_55 5]71—1 X [0525]7

where § is proportional to the sidelength of the original supporting cube (the con-
stants of proportionality depending only on the change of coordinates.) We can
now set N
Qr = [-2%5,2F5)" 1 x [0,2"16) c U;
for 1 < k < K, which would allow us to continue as in Case 1, provided we can get
the estimate 5.4.
In U, we can rewrite I’ as

F= 3 a“”atat + Zb_u

1<i,;m<n ti

for some smooth functions a; ,,, and b;. Thus to bound the integral of F', it suffices
to bound the integrals of all first and second derivatives of u in the coordinates ¢;.

We do this first for the Dirichlet problem. To bound the integral of the first
derivatives, we can use the fundamental theorem of calculus and the values of v on

the boundary of Qi to get

ou ou ,
[, o] =|[{] G}

Note that when ¢ = n, this involves the Dirichlet boundary conditions.
For the second derivatives, we again use the bound on the first derivatives of u
on the boundary of Qg to get

0%u 1
—_ < /n
\ /Q e <t>dt\ < Q)

as long as either j <n orl < n.
2
In order to get an estimate for ‘gt—é‘, we need to use the fact that Au = a in Q.

< C|QM.

In the new coordinates, since we chose t, to be the signed geodesic distance to 02
in the Euclidean coordinates, this translates into

0%y
oz > C“”atat +Zd LT

1<i;m<n-—1
where ¢; ,, and d; are smooth functions in U. Combined with the approximate
moment condition on a, this gives the desired estimate on the integral of %, and

hence on the integral of F' (estimate 5.4).
For the Neumann problem, we are no longer able to estimate the integral of
ou

5i. on Qx, as above. However, we can use the Neumann boundary conditions

to estimate the integral of 2%u t2 , as long as 6t |oo = —7, where 7 is the outward
normal vector on the boundary Then we can proceed to estimate the integral of

gtu on Qx by solvmg for a“ in the equation Au = a. We need to make sure that

the coefficient of % in the expression for the Laplacian is non-vanishing. This
coefficient turns out to be the Euclidean Laplacian of ¢,,, At,,. But this can always
be taken to be non-vanishing, if necessary by replacing t, with 1 — e~'». These
modifications give estimate 5.4 for the Neumann problem.
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Now we can proceed exactly as in Case 1 to get an atomic decomposition for F’
with atoms supported entirely in . These will be hl atoms with respect to the
new coordinates (t1,...,t,) in U, and therefore when we pull back to the original
coordinates, they will become modified h. atoms.

Thus in all three cases we have exhibited an atomic decomposition for F' with
modified h! atoms, proving that F € hl(Q) with bounded norm. O

5.1. BMO regularity. We now come to the question of BMO regularity. First we
have to consider the appropriate BMO spaces. We begin by recalling the definition
of the local BMO, as defined in [G] (Section 5). We shall call this space bmo(R™).

Definition 5.3. A locally integrable functions g is said to belong to bmo(R™) if
(5.5)

1 1
lgllbme = sup —~ / l9(z) — goldz + sup / l9(@)|dz < oo,
Q<1 1@l Jg 051 191 Jo

where the suprema are taken over all cubes () C R"™ with sides parallel to the axes.

Here gg denotes the mean value of g over (). We call bmo(R"™) the space of such
functions, with norm given by || - [|bmo-

We can now define a subspace of this space which turns out to be the dual of ).

Definition 5.4. Let © be a bounded domain with smooth boundary. The space

bmo, (€2) is defined to be the subspace of bmo(R") consisting of those elements
which are supported on €2, i.e.

bmo, () = {g € bmo(R™) : g =0 on R™\ Q},
with
def
||9Hbmoz(§) = Hg”bmo(R")-

Theorem 5.5 ([M], [C]). The space bmo,(Q) is the dual of h}(Q).

Remarks. 1. A global version of bmo, was defined by Miyachi [M], and the local
version was defined in [C], both using a different definition which involved
distinguishing between type (a) and type (b) cubes. However, the remark
following the proof of Theorem 4 in [M], and part (1) of Proposition 2.2 in
[C], show that this definition is equivalent.

2. The duality theorem follows from Theorem 2 in [M] and Theorem 2.3 in [C],
after observing that the space h}(Q) is in fact the same as the space hL(Q2)
defined in [CKS] (see Proposition 6.4 in Section 6.)

Next, we define the BMO space corresponding to hl.
Definition 5.6. Let Q2 be a bounded domain with smooth boundary. A locally
integrable functions ¢ is said to belong to bmo,(Q) if
(5.6)
1 1
[19llbmo, = sup = [ [g(z) = gqldz + sup = [ |g(z)|dx < oo,
ei<t @l Jo eiz1 1@l Jo

where the suprema are taken over all cubes @ C . Here gg denotes the mean
value of g over Q.
We call bmo,.(92) the space of such functions, with norm given by || - ||bmo, -
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Remarks. 1. This definition was introduced in [C] for a bounded Lipschitz do-
main . A similar notion is found in [JSW], where the local bmo space
bmo(F) associated to a closed “d-set” F' is defined by using essentially the
same norm, except the cubes are replaced with balls centered inside the set.

2. This space is a local version of the space BMO(D) defined by Jones ([J]) for
a connected open set D, using the norm

1
lglhen = sup / l9() — goldz.
QCD |Q| Q

3. It should be noted that bmo,(Q2) C bmo,(Q2), and simple examples show that
this inclusion is strict.

We now state the duality result:
Theorem 5.7 ([JSW], [C]). The space bmo,(f2) is the dual of h1(Q).

Remarks. 1. Jonsson, Sjogren and Wallin (see [JSW], Theorem 4.2) prove this
theorem for a closed “d-set” F having the Markov property, namely they show
that bmo(F) is the dual of the Hardy space h!'(F). As mentioned above (see
Remark 1 following Definition 1.2), this is the same as h1(Q) when Q is a
smoothly bounded domain.

2. In ([C], Theorems 2.1, 3.3) it is shown that for a bounded Lipschitz domain in
R", bmo,(f2) is the dual of the quotient space hl(€2), as defined in [CKS] (see
Remark 2 following Definition 1.2). When p = 1, this quotient space is the
same as hl(Q), since there are no nonzero h! functions which are supported
in Q and vanish on Q.

In view of the duality theorems, we want to use our h} and hl regularity results
for the Dirichlet and Neumann problems to prove similar regularity results for bmo,

2°G 2°G
o007 and B;05; O1 these spaces.

Note that the spaces bmo, () and bmo,(€2) are subsets of L?(Q). In fact, by
the John-Nirenberg inequality, since bmo,(Q2) C bmo(R™) C BMO(R™) (see [G],
Corollary 1 in Section 4) and §2 is bounded,

and bmo,.. We first have to define the operators 5

l9/lbmo. @) = CllgllLace)
for all ¢ < co. Similarly, we have

19/lbmor) = CllgllLa)
(see [C], Lemma 1.6, and the proof of Theorem 4.2 in [JSW]). Thus we can define
the operators agjgzl and agjgil on bmo, () and bmo,(9), in the L? sense.
We have the following regularity results:

Theorem 5.8. If Q) is as above, and G is the solution operator for the Dirichlet
2 —
problem, then for 1 < j, 1 < n, 82J~g}zz is a bounded operator from bmo,(Q) to

bmo, () and from bmo, () to bmo, ().

Theorem 5.9. If Q) is as above, andNé is the solution operator for the Neumann

problem, then for 1 < j,1 < n, agjgzl is a bounded operator from bmo,(Q) to
bmo, ().

Before proceeding with the proofs, we will state and prove a couple of useful
lemmas.
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Lemma 5.10. If T : L2(Q2) — L?(Q) and the kernel K(x,y) of T satisfies
K (2,9)] < Cla -y~

for all x # y, then T is bounded from bmo,(Q) to bmo,(Q) and from bmo, () to
bmo, ().

el 1 _
Proof. For q > n, 1fa+?—1,then q' < 727 and

/ K(z,y)? dy < .
Q

Hence T is bounded from L7(Q) to L>. Thus for g € bmo,(Q),
IT(9)lbmo. < IT(9)lloe < Cligllze < Cllgllbmo. ,

where the last inequality follows from the John-Nirenberg inequality (see the remark
preceding Theorem 5.8). Similarly, we get the boundedness on bmo,. O

Lemma 5.11. The spaces bmo,(Q2) and bmo, () are closed under multiplication
by smooth functions, i.e. if g € bmo,(Q) and ¢ € C*(Q), then g € bmo,(Q) and

[#gllbmo. < Cllellct llgllbmo.
and similarly for bmo, ().

Proof. To prove this for bmo,, it suffices to prove it for bmo(R"™). We begin by
noting that the bmo norm only changes by a factor of 2 if in equation 5.5, for each
cube @, we replace the mean value gg by some constant cg. Take ¢ € C! with
compact support. Now for every cube @ with |Q| < 1, letting cq = ¢(zg)gg, where
xq is the center of ), we get

1
1 L 1e@stn) —ptralsalis <y [ 1e@ote) — elelsals
] Q1 o
1
g / lo(2)ga — p(zq)goldz
Q
< Nlolloolgliome + Claollielien @
< Jlleollgliome + Clallzn I@lor
< CH‘PHcng”bmo'
Clearly if |Q] > 1,
0(@)g(@)ldz < 9]0 9]l mo-
al,

Thus ¢g € bmo with norm bounded by ||¢||c1]/9]/bmo-
The proof for bmo, is obtained from the proof above by considering only cubes
Q C Q. O

We are now ready to prove the theorems.

Proof of Theorem 5.8. We will give the proof for bmo,, and indicate where changes
need to be made for bmo,.

Set Tj; = m m , defined on L?*(Q2). Take g € bmo,(Q2). We want to show
T;.4(g) € bmo, () with [|T5.(9) fbsmo, < C/l9llbmo, -

As usual, we introduce a partition of unity {n,}, x =0, ..., k, with ny supported
inside , and 7, ¢ > 1, supported in an open set Uy, with | JU,, D 9Q. In each U,
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we assume the existence of a coordinate system (t1,...,t,), where (t1,...,tp_1)
are tangential coordinates, and t,, is the normal variable.

We want to show 7, T;;(g) € bmo,(2) for every . We begin with p = 0.
Case 0: Interior derivatives. We can write

T]()Tj_’l = XYG,

where X and Y are vector fields with compact support in  (i.e. take X = 170%,
J
Y = ﬁa%l with 77 = 1 in the support of 7).
Note that the operator GXY is bounded on bmo,(2), since for g € bmo,(2)
and a an h! atom, we have

{GXYg,a)|

(9, Y" X" Ga)
[9llbmo, [IY* X" Gal|n
C”gHbmor

IN A

by Theorem 5.1. The same proof applies to bmo, by using Lemma 3.5.
Furthermore, by the local smoothing properties of G, the operator XYG—-GXY
is smoothing of order 1, hence satisfies the hypothesis of Lemma 5.10, and thus is
bounded on bmo, (€2). This shows XY G = 1T}, is bounded on bmo, ().
We now look at the cases where y > 1. Let U = U,,. Then we have that

nuLj1 = XYG,

where now X and Y are vector fields with supports in U. Recalling the coordinates
(t1,...,t,) defined in U, we can rewrite X and Y in terms of the vector fields
ait,ﬂ with smooth coefficients. By Lemma 5.11, it suffices to consider separately the
following three cases.

Case 1: Tangential derivatives. We assume that X and Y are tangential vector
fields supported in U. Then again we have that the operator GXY is bounded on
bmo, (), since we can integrate by parts as in Case 0. Thus it remains to show
that the operator XY G — GXY satisfies the hypothesis of Lemma 5.10. We will
show that it is a smoothing operator of order 1.

As in the proof of estimate 3.1 in Section 3, write

G=E+H,

where the operator E is convolution with the Newtonian potential £, and —H =
PRE, the Poisson integral of the restriction of E to the boundary. Now E is
smoothing of order 2, so its commutator with a differential operator of order 2 is
smoothing of order 1. As for P, since X and Y are tangential, we have that

(5.7) XYP - PXY =P'X +P"Y + P",

where P’, P” and P’ are Poisson type operators of order 0 (on 92)—see [GS], pp.
167-168. Composing this with RE, and noting that R commutes with X and Y,
while again the commutator with E is smoothing of order 1, we get that
XYH-HXY = -—-XYPRE+PREXY
= —(XYP-PXY)RE - P(XYRE — REXY)
= —(P°X+P"'Y +P”)RE - PR(XYE — EXY),

which is smoothing of order 1.
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Case 2: One normal derivative. We assume X is a tangential vector field and Y =
%. Denote Y G by T,, and the normal derivative by 6%. Then the kernel of T}, is

%G(x, ), so we can define the dual operator T, by

T3(f) = /Q %G(y,x)f(y)dy.

Consider the operator X*T). Using the same techniques as in Case 2 of the
proof of Theorem 5.1, namely the cancellation obtained from the tangential deriv-
ative, and the size estimates on the kernel and its derivatives (which are the same
regardless of whether we differentiate G(z, y) in the = or the y variable), we get that
X*T* is bounded on hl. This shows that the dual operator, (X*T*)* = T}, X, is
bounded on bmo,. The same techniques apply for the case of bmo,. In fact, when
we have one tangential derivative, as in X*T7¥, we can even show boundedness from
hl to hl, since we gain some cancellation.

Thus it remains to show X7T;,—T, X is bounded on bmo,.. In light of Lemma 5.10,
it suffice to prove that XT,, — T;, X is smoothing of order 1.

Again, this follows from the calculus of pseudo-differential and Poisson-type op-
erators. If we write

G =E - PRE
as above, then
0 0
T, = —E - —PRE.
ap ap

Again the first term is smoothing of order 1, and therefore so is its commutator
with X.

As for the second term, setting P,, = %P, we get a Poisson-type operator of
order 1. Thus its commutator with the tangential vector field X also gives a Poisson-
type operator of order 1. Composing with RE, and recalling that R commutes with
X, give

XP,RE-P,REX = (XP,-P,X)RE+P,(XRE - REX)
(XP, -P,X)RE+P,R(XE - EX),

which is smoothing of order 1.
Case 3: Two normal derivatives. The boundedness of BB—;G on bmo,(Q) follows

from the previous two cases by writing 86—;2 in terms of the Laplacian, purely tan-
gential derivatives, mixed tangential and normal derivatives, and first order terms.
The Laplacian composed with G gives the identity, while the first order deriva-
tives of G are smoothing of order 1, and are therefore bounded on bmo,(Q) by
Lemma 5.10. Finally, Lemma 5.11 guarantees that multiplication by smooth coef-
ficients does not affect the boundedness on bmo,(€2).

Having proved these four cases, we have concluded the proof of Theorem 5.8. [

Proof of Theorem 5.9. The proof follows the same lines as for the Dirichlet problem.
After localizing, we reduce to the problem of showing that the operator X YG is
bounded on bmo, (), where G is the solution operator for the Neumann problem,
and X and Y are vector fields in Q. Case 0, where X and Y are supported in the
interior of €1, is exactly the same as for the Dirichlet problem, using the interior
regularity for the Neumann problem. Thus we can proceed to the cases where X
and Y are supported in a coordinate neighborhood of a point on the boundary.
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In the case where both X and Y are tangential, we use the hl regularity of the
Neumann problem to show that the operator GXY is bounded on bmo, (©). Thus
it remains to show the boundedness of the operator X YG-GX Y, which we again
do using Lemma 5.10, i.e. by showing it is a smoothing operator of order 1.

As in the proof of Claim 4.4 in Section 4, we write

G=E+H+S,

where H = —P (QR%E), S is a smoothing error, and @ is smoothing of order 1

on the boundary. We want to look at X YG-GX Y, where X and Y are tangential
vector fields. Again, the commutator with E gives us an operator of one degree of
smoothing, and similarly for the smoothing error S. Thus we need only concern
ourselves with H.

Write
~ 0 0
XYH-HXY = —-XYP|{QR—E|+P|(QR—=E | XY
on on
= —(XYP- PXY)QRiE -P(XYQ - QXY)RiE
on on
0 0
“PQR (XY ZE- ZEXY),
< on on >

where we have again used the fact that R commutes with X and Y. From equa-
tion 5.7 above, we get that the first term on the right-hand side can be written
as

(P'X +P"Y + P’”)QR%E.
n

Since %E is smoothing of order 1, X@Q, Y @Q and @ are operators of order 0 (or
better) on 99, and P’, P” and P’ are Poisson-type operators of order 0, we get
that the first term is smoothing of order 1. Similarly, since XY Q — QXY is of order
0 on 012, the second term is of the same form, hence smoothing of order 1. In the
third term, the commutator X Y%E — %EX Y is of order 0, but @ is smoothing
of order 1 on 0, so again we get a term which is smoothing of order 1.

In the case of one tangential derivative (X) and one normal derivative (Y),
denoting the operator YG by Tn, and following the argument of Case 2 in the
proof of Theorem 5.8 above, we have to show that the operator XT,, — T, X is
smoothing of order 1. Again we only need to consider the commutator of X with

0 ~ 0
—H=-P,(QR=E|,
dp (Q on )
where P, is the normal derivative of the Poisson operator P. The argument pro-
ceeds as for the Dirichlet problem.
Finally, the case of the two normal derivatives is also handled the same way as

in the proof of Theorem 5.8, so that we can conclude the proof of Theorem 5.9. [

6. RELATIONS BETWEEN THE SPACES

In this section we will discuss the relations between the two spaces h? () and
hY(€2), as well as their relations to the spaces h2(£2) and h2(2) considered in [CKS].

We begin by comparing h2(€) and h%(€2). To do so, we must consider elements
of h?(Q) as distributions in C3°(Q). That is, for f € h2(Q2), we can define a linear
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functional f on C3(Q) by

(f0) = (f,9),
where ¢ € C5°(Q), and ¢ € S(R") is an extension of ¢. This is independent of the
extension because f is supported on the compact set 2, which also shows that f
must be continuous on C3°(Q). Thus f — f is a mapping from h2(Q) to C3*'(Q).
The kernel of this map is

ho(092) ={f € lP(R") : (f,) =0 Vp € S with p|ag = 0},

which is the space of h?(R") distributions supported on 92 and having order zero
in the normal direction. (This is not to be confused with any h? space that can be
defined on 0N as a manifold.)

We can identify the quotient space h2(€2)/h}(0) with a subspace of C3°'(€2).
As such, we have the following characterization:

Proposition 6.1. Forp <1,
h(Q) = hE(Q)/h(0%)

with comparable norms, i.e. there is a linear operator T from hE(Q)/hE(99) onto
hY(QY) such that for every equivalence class [f] € h2(Q)/h{(9%),

1T LDz = nf{[[fllpz@) : £ € L)

Proof. As explained above, since hf(9) is the kernel of the map f — f from h2(%)
into C5°'(Q), we can define T from h2(Q) by T([f]) = f, and this is independent
of the choice of the representative f. Thus to show that the image of this map is
contained h%(€Q), it suffices to show that for every f € h2(Q), f € h%(Q) and

1 F1lnz < 11 Fllne-

This can be seen in two ways. Using the maximal function definitions (as in

Section 1), we see that by extending every normalized C3°(£2) bump function to a
normalized bump function in D(R™), we have that

ma(f)(x) < m(f)(x)
for all z € Q; hence f € h%(Q) with

1Fllnz = Ima(P)ll o) < llm(H)llpony = [1fllnz-

Alternatively, using the atomic decompositions, it is enough to note that for an
h? atom a, @ = a is already an h%)(Q) atom.
Conversely, to show that T is onto and the bounds on the norms can be reversed,

we have to show that if g € hf)(2), we can write g = f for some f € h2(%2), and

lgllnz > C inf || f]|pz.
f=g

As in Theorem 2.6, write g = Y Aja;, where a; are hf) atoms. Suppose we can show
that every a; = f; for some f; € h2(Q) with || f;]|,» < C. Then setting f = 3>\, f;
in 8'(R™), we get that f € h2(Q) and f = 3.\, f; = g, since the map f — f is
continuous on §&’(R"™). Furthermore,

£l <€ (X l) "
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and each atomic decomposition of g gives rises to such an f, so
. . 1/p
inf |7l < Cint (3 I517) ™ = gl
=g

Now if a; is a type (a) h%, atom, or an atom supported in a large cube, then it is
also an h? atom, so we can take f; = a;. Thus it remains to prove the following:

Lemma 6.2. Suppose p < 1. If a is a type (b) hl atom with a small supporting

cube (i.e. |Q| < Cq), then there exists f € hP(Q) such that f —a € h}(99) and
[fllnz@) < C,

with C' independent of a.

In particular, this shows that a = f , since

<f_a7<p> = <f_a7¢> =0
for all ¢ € C(Q).
Proof of lemma. Since a is supported in Q N, where the cube @ is small and near
the boundary, we can find a neighborhood U of 02 containing @), in which there is

defined a smooth projection 7 : U — 0f2.
Define a linear functional A on ¢ € S(R™) by

(A, ) = / a(y)(m(y))dy.

Since 7 is smooth, A is continuous, hence a tempered distribution. Furthermore,
(A, ) = 0 whenever @|sq = 0.

We claim that A € h?(R™). To see this, we look at the grand maximal function
m(A), as in Definition 1.1. Take x € R", and let ¢ be a normalized bump function
supported in a ball of radius R < 1 containing x. Then

(A7) = \ /Q a(y) o7 (r(9))dy

QI?|167 [l l{y € supp(a) : w(y) € supp(})}]
ClQI™7|| ¢ || oo diam(Q)t" !

C/|Q|—l/p+l/nt—l
C"|Q|~Y/PH/ (dist (2, 09)) !

since we must have 2¢ > dist(z, 92) in order for ¢7 (w(y)) # 0 for some y.
If we now vary ¢7, we see that the maximal function m(A) is supported in a
tubular neighborhood of “radius” 2 around 9€). Thus

/ N @prde < ClQI / (dist (z, 99)) P da

{z:dist(z,00Q)<2}

IANINCIN A

< Coa

since p < 1 and Q is bounded. Thus A € h?(R"), and since it is supported on 9
and has order zero, A € hf(99Q). Note that the h” norm of A depends on a, and
may blow up as the supporting cube of a shrinks.

Now let f = a — A in §'(R™). Since a € h’(R"™) and A € h?(R"), we have
f€hP(R"). Also, f =0on R"\ Q, so f € h2(Q). We want to show its norm is
bounded by a constant independent of a.
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Let us compute the local grand maximal function m(f). For z € 2Q), write

m(f)(x) < m(a)(x) + m(A)(z).

Now we know from the size condition on a and the L? boundedness of the maximal

function that
p/2
[omar < o[ up) ierr
2Q 2Q
C

As for A, we have from above that

IN

<

/ m(AP(@)de < C|Q|~*/m / (dist (z, 99)) P da
2Q 2Q
< C)QI P/ diam(Q)' 7 diam(Q)"
S O//.

When = ¢ 2Q), take ¢7 as above and write

(f.67) = /Q a(y)6F (u)dy — / a(y)6F () dy

Q
= [ a7 6wy
But the function ¢¥(y) = ¢F (y) — ¢¥(n(y)) is in C3°(Q) (where we might have to

use a cutoff function supported in U in order to define ¢ for all y). Thus by the
moment conditions on a,

(o < IelemsoylQPs
< CalléEllomglQ1"
< Cr (et |
< C'(dist(z, Q)" Nt D) |Q|(Npt1)/nt1-1/p,

Note that for (f, ©F) # 0 we must have either 2¢ > dist(z, Q) or 2t > dist(z, 7(Q)),
and since x ¢ 2Q and @ is a type (b) cube, this gives t > C dist(x, Q) for some
constant C.

Thus
[ miperds < el [ s, @) e
TZ2Q ¢2Q
< C'|Q|p(Np+1)/7’L+P—1 diam(Q)n_np_(NP+l)p
< OI/

since np + (Np + 1)p > np+n(l/p — 1)p = n.
‘We have now shown that

£ llne = lIm(H)llr@n < C,

which concludes the proof of Lemma 6.2. O

By the atomic decomposition, this also completes the proof of Proposition 6.1.
|
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Note that Proposition 6.1 applies only to p < 1. For the case p = 1, the situation
is different. Since elements of h'(R") are functions, the space h}(9Q) consists only
of the zero function. Thus the quotient space hl(Q)/h$(99) is just h1(Q), the At
functions supported on Q. We claim that this space is different from hl(Q).

By the atomic decomposition (Theorem 2.6), we know that the elements of h} ()
are also functions (since the sums converge in L!). We want to characterize these
functions.

In order to do this, we recall the space hP(2), defined in [M] and [CKS]. Let
D(§2) denote the space of C* functions with compact support in Q, and let D'(2)
denote its dual, the space of distributions on 2.

Definition 6.3. The space h?(2) consists of elements of D’(2) which are the re-
strictions to € of elements of h?(R™), i.e.

hE(Q) =hPR™)/{f € "P(R™): f =0 o0n Q},
equipped with the quotient norm

I Mzcey = mf{[[fllne ey < f € [£1}-

Again it is clear that when p = 1, this is a space of functions, since elements of
h1(Q) are just restrictions to Q of functions in h!(R™). Thus we can state:

Proposition 6.4. For 27 <p <1,
P () = h2(9).
Furthermore, considered as subspaces of L(Q), we have
() % ha(Q) = hp(9).

Proof. The equivalence of h(€2) and hE((2) follows immediately from the atomic
decompositions. From [M] (Theorem 1) and [CKS] (Theorem 2.7), we know that
every f € h2(£2) has a decomposition

F=> " Na;

in D'(2), where the a; are either h”(R™) atoms supported in type (a) cubes, or
atoms supported in type (b) cubes and satisfying a size condition, but no moment
condition. Note that these are essentially type (a) and type (b) Al atoms, since
when 25 < p < 1, the moment conditions 2.3 in Definition 2.3 are null (they
follow from the size condition by expanding the C3° test function around a point on
the boundary). The only difference is that in both [M] and [CKS], type (b) cubes
are assumed to be contained in 2, and in fact their distance from the boundary
is assumed to be proportional to their diameter. However, because of the lack of
moment conditions, it can be shown that a type (b) Al atom can be decomposed
into type (b) h? atoms, as in [M] and [CKS]—see [CKS], pp. 295-296, where this
is done for R} .

Note that for this range of p, h2(€2) distributions can be applied to test functions
with only one order of vanishing at the boundary, and therefore can be considered
as distributions in C5°(Q2). Also for this range of p, the convergence of the atomic
decompositions in D’(Q) and in C3®'(Q) is equivalent. Thus we have the same
atomic decomposition for h2(2) and hf(€2), considered as subspaces of C3'(9),
which means that these two spaces are the same, with equivalent norms.
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The fact that h1(Q) is a subset h!(€) is obvious, since every function f € hl ()
can be extended by 0 to a function in h'(R"), and the norm is the same. Thus
f € hL(Q) and

Ifllne < 1 lnss
since the hl norm is the infimum of the h'(R™) norms of all possible extensions of

f

To see that hl(Q) is a strict subset of h%(€), we will construct a function f €
h1(Q)\ h1(Q). By translating and rescaling, we may assume 0 € 99 and the cone

I={x=(2',2,) : 2]2'| < xp,|zn| <1} C Q.
For j > 1, set
Q; = [_2—1'—1’ 2—j—1]n—1 % [2—3’72—j+1]7
and
a; = |Qj|_1XQj'
Then a; are type (b) hl atoms. Let

=1
f=2 =%
=17

Then f € hi ().
It is also easy to see that m(f)(z) > ey for « € T, |z| < 1/2, and
hence, f ¢ h1(Q). This concludes the proof of Proposition 6.4. O

We may now ask what are the relations between the spaces h2(Q2) and h%(€2)
and the spaces h?(€2) when p is small. Recall that in [CKS], in order to relate h?
to h?, the quotient space

hE(Q) = hE(Q)/{f € RE(Q) : f =0 on O}

was introduced (see Remark 2 following Definition 1.2.) Note that in this case, the
null space
hP(0Q) = {f € h2(Q) : f =0 on Q}

is the whole space of h? distributions supported on 02, which is strictly larger than
ho(092) when p < .

We can identify h2(€2) with a set of distributions in D’(2), and equipped with
the quotient norm, it is clearly a subspace of h2(£2).

By analogy, we can define

HE(Q) = WA@)/{f € (@) < =0 on 0},

where f =0 on Q for f € C3*' means (f, ¢) = 0 whenever ¢ € C3°(2) has compact
support in Q. In other words, the null space is the space of distributions in h%(€)
which are supported on 9f.

Again it is easy to see that elements of h%(£2) can be identified with distributions
on Q, since every f € C3°'(Q2) immediately induces a distribution in D’(£2), which
is zero precisely when (f, ) = 0 for every smooth ¢ with compact support in €.

Proposition 6.5. Considered as subspaces of D'(Q2), when p <1,
hE(Q) = hg(Q) C h(Q2).
Moreover, for N =0,1,2,... and ;== <p < 71%>
h2() = h(9).
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Proof. The fact that h2(2) = hY(Q) as spaces of distributions on 2 follows almost
immediately from Proposition 6.1 and its proof. For consider an equivalence class
[f] € h2(£2). Taking arepresentative f € [f], f € h2(Q2), we canmap f to f € h%(Q),
with

1 lnz @y < 1z
But if we also have g € [f], then f = g in D'(Q); hence f = § in D’(Q). Thus we

can map [f] to the equivalence class [f] in RhY(€2), and

= inf ||h||;»q < inf Py = .
LMz o) hef” a2 @) < jnf l9llnz@ = Ilf1lnz@

This shows hE(Q) C hh(Q) with a bound on the norms.

Conversely, we show in the proof of Proposition 6.1 that every f € h5(Q) can
be decomposed in C3°'(Q) as g + b, where g € h2(Q), b € hf(0R), and the norm
| f[Inz is equivalent to the infimum of the norms ||g||,z over all such decompositions.
Since this decomposition holds a fortiori in D’()), we get that every equivalence
class [f] € hl(£2) is the image of an equivalence class [g] € h2(Q), with

1 £llnz) = Clllgllnz()-

Thus we have shown that h2(Q) = Af)(Q) with equivalent norms.

Since we have already pointed out that h2(Q) C h2(2), we now get that Af)(Q) C
h2(S2). This can also be seen from the atomic decomposition, since type (b) hh
atoms are essentially (or can be decomposed into) type (b) h2 atoms—see the
proof of Proposition 6.4.

For the case ;7377 < p < 71w, in light of the atomic decomposition for hZ,
it suffices to prove that every hP atom is in A2(€)), with bounded norm. This is
obvious for atoms supported in large cubes and for type (a) atoms, since they are
already h®? atoms. Thus it remains to show the following:

n

Lemma 6.6. Suppose arvT <P < 5pw- Let a be a type (b) h? atom supported

in a cube Q with |Q] < 1. Then in D'(£2),

a = Z/\jaj,
Yo IlP<c,

where the constant C' is independent of a.

where a; are hf atoms, and

Proof of lemma. By choosing appropriate coordinates, we can assume 0 € 02 and
a is supported in

Q=1[-0,0]""1' x [(A—1),(A+1)d]
with 6 <1 and A > 1.

Note that N = N, so that the a; (when supported in small cubes) need to
satisfy all moment conditions up to order N. We proceed by induction.

Let K < N, and assume a has vanishing moments up to order K —1 (no moment
condition is assumed when K = 0). We will show that we can write a = > \jqa;
with a; having vanishing moments up to order K, and ) |A;|? < C. The a; will also
satisfy the size condition, and the supporting cubes @); will satisfy the conditions:

AQ; cQ
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and
2A4'Q; N O # 0,

with A" = (34 +1)/(A + 3) > 1. Thus the new atoms will satisfy the induction
hypothesis for the next step.

Let by = a, and for j = 1,2,3,..., define b; by

bj(x) = 27E+) g (2 7),
Then b; is supported in
Q;=[-2776,2795]" ' x 279(A = 1)8,277 (A +1)4].

Also,

/N bj(z)x“dr = 2j(K_|O‘D/ a(z)x*dx,
Qj Q
so b; satisfies the same moment conditions as a. Finally,
16|00 < 27KFMI QI VP,
Now if we set
fi = b5 = b+,

we have that f; is supported in the smallest cube containing 62: and ij\:l, namely

Q; = [-27UD(A+3)5,27 0D (A + 3)0" 1t x 27U+ (A —1)8,277 (A 4 1)4],

f; satisfies all the moment conditions that a satisfies, and in addition

/ fi(x)z%dz = /M bj(ar)xo‘dx—/ijH(x)a:o‘dx
Qj Q; Qj+1
_ 2j<K—\a|)/ a(x);vo‘dx—Q(j"’l)(K_'aD/ o(2)a*da
Q Q

= 0
whenever || = K. As for size,

Ifille < 2UFM|QI~HP

= Cn)p)AQJ(K'f‘”—n/P)|Qj|_1/17.
Thus we can let
N =Cnp 420 (B An—n/p)
and
a; = /\J_lfj
The a; satisfy the conditions stated above, and
Z I\ P = Cy’l)p)AZQj(KwLn—n/p)p <C
§=0
since K < N < n/p—n.
It remains to show a = ) \ja; in D'(€2). However, since a — Eg Ajaj =byiq is

supported in @ j+1, which is contained in smaller and smaller neighborhoods of 9
as J increases, we have

J—o0

J
lim <a,— Z/\jaj,1/1> —0
0
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for every ¥ with compact support in §2 (actually one can show that the vanishing
of ¢ up to order K at the boundary is sufficient). This completes the proof of the
lemma. O

As was pointed out, by the atomic decomposition, this also concludes the proof
of Proposition 6.5. O

The question arises as to the situation for p = n/(n+ N), N =0,1,2,.... We
already saw in Proposition 6.4 that when p = 1, hl is a strict subspace of h} = Al
(here the distinction between the spaces and their quotients is irrelevant). Thus we
have the following;:

Problem. Let p = n/(n+ N), N = 1,2,.... Then considered as subspaces of
D'(Q), is it true that hP(Q) # hE(Q)?

In other words, the question is whether for the “critical” values of p, there exists
a distribution f on © which is the restriction to Q of an element of ”P(R™), but not
the restriction to § of any element of A?(R™) which is supported on Q. Intuitively,
the idea is that one cannot “correct” the lack of cancellation of f by a distribution
supported on 9f2. To answer the question, one needs to understand the behavior of
the maximal function of distributions supported on 92, and to be able to determine
when such a distribution is in h?(R™). While several sufficient conditions are known
in general (see [S2], 5.18), there is one case in which the necessary and sufficient
conditions are well understood, which is the case where 02 consists of a single
point, i.e. when

Q=R;y={zcR:z>0}

In this case, we denote by S(R.4) the space of Schwartz functions with support
in Ry, and let S’(R4) be the dual space. The space h2(R.) is the subspace of
S’'(R.) consisting of restrictions of elements of h?(R) to R4. As above, h?(R) is
the space of elements of h?(R) which are supported on R .

Lemma 6.7. Letp=1/(1+N), N =0,1,2,.... Then there exists a distribution
f € h2(Ry) such that for every g € hP(R4),

g|R+ #f
m S/ (RJ,_)

Proof of lemma. We will give two examples, which are essentially two versions of
the same example.
For the first example, we take

N+1 —1/p
filz) = % l<10g é) U(x)] ;

defined for x > 0, where 7 is a smooth function satisfying n(z) =1 for 0 <z < 1/2
and n(z) = 0 when z > 3/4. Being the derivative of a smooth function on R4 with
bounded support, fi defines a distribution in §’(R+). Note that since N+1 = 1/p,

1 —1/p—1
hw = (loeg) o)
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as ¢ — 0, so f1 is not a distribution in &’'(R). To extend f; to such a distribution,
we let

-1 .
by = (ogd) () ifz>0,
0 if z <0,

and define
dN-l-l

F1 = Wh
in the sense of distributions. Then F; € S'(R) and Fi|r, = f1.

We build the second example by means of an atomic decomposition, analogous
to the one constructed in the proof of Proposition 6.4. For j > 1, set

I =27, 277,

1
/\j = W,
and
a; = 2j/pXIj'
Let

f2 = Z /\jaj.
j=1

Again f, defines a distribution in 8’(R ), and for z ~ 277,

1 y 1 —-1/p—1 1
~——9i/P - -1/p
fa(x) =~ j1+1/1’2 R~ <1og x) T .

To extend f> to a distribution in S’(R), we define distributions 7; by

= ldy
79 =N [ as(@) [ o) = 3 5 TR0 | do
k=0
for every ¢ € S(R). Since
) N-—1 1 dk .
el = 22| [ ola) = Y 4 opel0)s | da
I; k=0 v
< APglex [ aNdo
J
1 (1/p— N—
< O lelles
1

ij,—l/pH@HcN,

we can define a distribution F; € S’'(R) by

oo
F2 = E Tj.
Jj=1

Again we have that

o0 oo
FQ|R+ = ZTj|R+ = Z)\j&j = f2.
j=1 j=1

We shall prove the result for fo; there are parallel arguments for f;.
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Claim 6.8. f3 belongs to h2(R ).
This is via the atomic decomposition which defines fs.

Claim 6.9. The distribution F5 does not belong to h?(R), since the local grand
maximal function satisfies

1 _1/10
m(Fy) (@) ~ (1og—) 1/
X

for 0 <z <1/2.
To get the lower bound for m(Fy), take 0 < x < 1/2. We will use a normalized
bump function ¢, supported in the interval (—z,3x), with ¢, > 0 on (z,3z) and

yN

N!(2z)1+N
Note that this is consistent with the condition

D% (¢a)] < (22)7 171

o (y) = for y € [0, z].

for |a] < N + 1. Furthermore,
d*
dy*
for all k < N — 1. Thus (F5, ¢;) = Y. A, | aj¢, and we can proceed as in the proof
of Proposition 6.4 to get

<F2a¢w>

0) =0

V
™
Rt

—
S
=

- yN
= 2$1+N Z )\/ dy

2N+

= )\ 2] (1/p—N-1)
=AY
(N + 1)!(2x) =l

Cnaz— 1N Z j—l/p—l

j>—log, x

1 —1/p
R (log 5) .

This gives the lower bound on the maximal function of F.

Now we will prove the upper bound on the maximal function of F5. Take 0 < z <
1/2, and let 7 be a bump function supported in a ball of radius ¢ < 1 containing
T

Y

Q

Suppose first that ¢t > x/4. If 277 > 6t > x + 2¢, then supp(¢¥) N I; = 0, and
we have

Dl = 2 3l [t

k<N—-1 i

IN

CA Z t—l k2] 1/p—1— k)

kE<N-— 1
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while otherwise we use the estimate

{75,080 < CXjllgfllew < Ot~

Thus
N 1. 93 (N—k)
[(F2, 7)) < C Z Ht Z e
k<N-1 j<—Alogt
1
—1-N
+Ct Z j1+1/p
j>—Alogt
1o g (N— _
< Cc Y ot I=kp=(N=k) (g ¢)~1/P
k<N—1

+Ct N (= logt)~/P

1 _1/P
< ot Ur (logz)

1 _1/P
< Qg <1og—)
T

since (x/t)'/?(log x/logt)'/P remains bounded when z < t.
If t < x/4, we have that ¢ vanishes in a neighborhood of 0, and

(N D SRV

j<—Alogz
1 . z
S C Z j1+1/p 2]/17”%015 HLI
j<—Alogz
1 —1/p
< Qg <10g—) .
X

Thus we have shown that for 0 <z < 1/2,

1 -1/p
m(Fy)(x) ~ z~ /P <10g —) .
x
Claim 6.10. Then there is no distribution g € h?(R) with g =0 on R_ and g = fo
on Ry.

Recall that F, is supported on Ry and F» = fo on Ry. Thus if ¢ is any
distribution in S'(R) with ¢ = 0 on R_ and ¢ = f3 on R, then g — Fy is
supported on {0}. Since tempered distributions are of finite order, we can write
(see [R], Theorem 6.25)

K
g — F2 = ché(k)(o)a
k=0

where 6(*)(0) denotes the k-th derivative of the delta function at 0. We may assume
cx #0. Then if K > N, we have

m(g = Fy) > Cla| =V
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as x — 0, and so by the upper bounds on m(F),

m(g) = Cla| =¥t = Cla| 71/

for z small, and m(g) € LP(R).
On the other hand, if K < N, then

m(g — Fy) < Cla| =V = Claf 71/

as x — 0, so by the lower bounds on m(F),

1 -1/p
o) > Cla 7 (log 1)

for x small, and again m(g) € LP(R).

This completes the proof of the lemma. O
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